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We consider the excitation of polariton wakefields due to a propagating light pulse in a semiconductor 
microcavity. We show that two kinds of wakes are possible, depending on the constituents fraction 
(either exciton or photon) of the polariton wavefunction. The nature of the wakefields (pure excitonic or 
polaritonic) can be controlled by changing the speed of propagation of the external pump. This process 
could be used as a diagnostic for the internal parameters of the microcavity.

© 2016 Elsevier B.V. All rights reserved.
1. Introduction

Semi-conductor microcavities, designed to increase the light-
matter coupling, consist of a pair of distributed Bragg mirrors con-
fining a electromagnetic mode and one (or several) quantum well
with an exciton resonance [1,2]. In the strong coupling regime, 
where the exciton–photon coupling overcomes the losses, a new 
type of elementary excitations, called exciton polaritons (or cav-
ity polariton), is formed [3]. Polaritons are therefore a coherent 
superposition of semi-conductor excitations (excitons) with light 
(photons).

One of the crucial aspects for the rapid development of research 
in the field of semi-conductor microcavities stems from the fact 
that polaritons may undergo Bose–Einstein condensation [4,5] – 
which has been experimentally observed in a series of works 
[6–12] –, putting together the fields of quantum optics and Bose–
Einstein condensates (BEC) [13]. The most important differences 
with respect to the usual atomic BECs are: i) the possibility of 
condensation to occur at higher temperatures, as a consequence to 
the very small polariton mass (typically, m ∼ 10−5me) and ii) the 
fact of polariton BEC being a driven-dissipative phenomenon [14,
15], where the condensate is a steady state resulting from the 
pumping-loss balance. Nevertheless, it has also been shown that 
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a thermodynamic regime for polariton condensates created by a 
nonresonant pump (i.e. pumped far away with respect to the con-
densation energy minimum) is possible, allowing for the definition 
of a temperature and a chemical potential for the system [16]. An-
other important property of polariton BECs concerns superfluidity. 
The phase transition expected for two-dimensional polaritons is 
a Berezinskii–Kosterlitz–Thouless (BKT) transition toward a super-
fluid state [17] and not a true BEC. Such a phase transition has 
not yet been observed in CdTe-based and GaN-based structures, 
as a consequence of a strong structural disorder leading to the 
formation of a glass phase [18] and to condensation in the po-
tential minima of the disorder potential [19]. Signatures of BKT 
transition have nevertheless been reported in cleaner, GaAs-based 
samples [20]. Some interesting features related to the nonlinear-
ity of the system, such as amplification [21] and optical bistability 
[22] have been investigated. Moreover, recent theoretical studies 
and experimental observation of topologically stable half-solitons 
[23–25] and half-vortices [26,27] in spinor polariton condensates 
have allowed the study of the dynamics and many-body properties 
of topological defects in the presence of external fields [28–30].

In the most usual experimental configurations, the external 
pump is fixed, occupying a well defined region of the planar cav-
ity. However, if we allow the pump to move, the occurrence of new 
time-dependent phenomena can be expected in exciton-polaritons, 
even below the condensation threshold. Such an experimental con-
figuration can be achieved with a pulsed laser, which propagation 
velocity can be controlled by changing the incidence angle [29]
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Fig. 1. (Color online.) Schematic representation of the experimental setup to pro-
duce wakefields. A laser pulse of frequency ω and momentum k is sent into the 
cavity (represented here by the shadowed rectangle). The velocity of the pulse is 
controlled with the incidence angle θ , such that v = c sin θ . The wakefield is behind 
the pulse.

(see Fig. 1 for a schematic representation). In this work, we study 
the properties wakefields in semi-conductor microcavities excited 
by a light pulse. Wakefields are universal phenomena which can 
be produced by the motion of a boat in the surface of a lake, or by 
a laser pulse propagating in a gas, having important technological 
implications in the case of laser-plasma acceleration [31]. When 
an intense electromagnetic pulse hits the plasma, it produces a 
wake of plasma oscillations through the action of a ponderomotive 
force. Electrons trapped in the wake can then be accelerated up to 
very high (relativistic) energies, providing an alternative yet effi-
cient way of accelerating charged particles [32,33]. Acoustic wake-
fields produced by a Bose–Einstein condensate moving across a 
thermal (non-condensed) gas have also been considered [34,35]. 
Recently, wakefield excitation in metallic nanowires has also been 
investigated and pointed out as mechanism to produce energetic 
ultra-violet (XUV) radiaton [36]. In the present work, we show 
that a similar process can occur in a gas of excitons and exciton-
polaritons (we should refer to the latter as “polaritons”), depending 
on the point of the dispersion that the system is pumped.

The structure of this paper is the following. In Section 2, we 
establish the basic equations of our problem. We start from the 
coupled photon–exciton wave equations and derive the energy 
spectrum. We then include the external pump term and derive 
the appropriate wakefield equations. In Section 3, we derive the 
wakefield solution for an exciton gas, by assuming that the lower 
polariton branch is pumped in the exciton-dominated part (high-
wavevector). In Section 4, we derive the general form of polariton 
wakefields, produced if the pumped is tuned near the bottom of 
the polariton dispersion. Finally, in Section 5, we state some con-
clusions.

2. Basic equations

The coupled dynamics of the photonic and excitonic fields, re-
spectively represented by φ(r, t) and χ(r, t), can be described by 
the following equations [1,37,38]

ih̄
∂φ

∂t
= −

[
h̄2

2mφ

∇2 + ih̄

2τφ

]
φ + h̄

2
�Rχ + P , (1)

ih̄
∂χ

∂t
= −

[
h̄2

2mχ
∇2 + ih̄

2τχ

]
χ + h̄

2
�Rφ + α1 |χ |2 χ, (2)

where we have considered the special case of zero detuning be-
tween the laser and the cavity mode. Here, mφ � me and mχ ≤ me

are the photon and exciton masses, respectively (me represents 
the electron mass), and �R is the Rabi frequency measuring the 
strength of the coupling. The nonlinear term α1 = 6Eba2

B/S , where 
S is the normalization surface, Eb is the exciton binding energy 
and aB the corresponding Borh radius, accounts for the polariton–
polariton contact interactions [39]. Here, we choose the parameters 
according to the typical experimental conditions, mφ = 5 ×10−5me , 
Fig. 2. (Color online.) Panel a): Lower and upper polariton branches in a semi-
conductor microcavity. We excite different wavevector ranges in the lower branch 
to generate the wake fields. Panel b): The Hopfield coefficients measuring the ex-
citon (|U |2, upper curve) and photon (|V|2, lower curve) fractions. We have used 
typical parameters for a GaAs microcavity: mφ = 5 × 10−5me , mχ = 0.4me , and 
h̄�R = 8 meV.

mχ = 0.4me and h̄�R = 8 meV. The quantities τφ and τχ are 
the lifetimes of cavity photons and excitons, with typical values 
τφ = 10 ps and τχ = 400 ps.

In Eq. (1), P ≡ P (r, t) is the external pump, acting as a source of 
photons, which we choose to be resonantly tuned with respect to 
the lower polariton branch, as we specify below. We start by deriv-
ing the appropriate dispersion relations from the photon–exciton 
coupled field. The bare photonic and excitonic modes are readily 
obtained by neglecting the Rabi coupling �R and the interaction 
term α1,

ih̄
∂φ

∂t
= −

[
h̄2

2mφ

∇2 + ih̄

2τφ

]
φ, (3)

ih̄
∂χ

∂t
= −

[
h̄2

2mχ
∇2 + ih̄

2τχ

]
χ, (4)

for which we can find solutions of the form

φ(r, t) = φ0 exp(ik · r − iωφt),

χ(r, t) = χ0 exp(ik · r − iωχ t). (5)

Replacing in Eqs. (3)–(4), we obtain the dispersion relations

ωφ = h̄k2

2mφ

− iγφ, ωχ = h̄k2

2mχ
− iγχ , (6)

where the damping rates are given by γφ = 1/2τφ and γχ =
1/2τχ . For a given value of the wavenumber k, we have ωφ � ωχ , 
as a result of the mass difference mφ � mχ . The polariton modes 
can then be obtained for a finite value of the Rabi field. Using again 
solutions of the form

(φ,χ) (r, t) = (φ0,χ0)exp(ik · r − iωt), (7)

we can then derive the dispersion equation

(ω − ωφ)(ω − ωχ) = �̃2
R

4
, (8)

where �̃2
R = �2

R − 4γφγχ and ωφ and ωχ are determined by 
Eq. (6). Solving for ω, we get the two solutions ω± , such that

ω± = 1

2

[
(ωφ + ωχ) ±

√
(ωφ + ωχ)2 − 4ωφωχ + �̃2

R

]
. (9)

This corresponds to the lower (ω−) and upper (ω+) polariton 
branches, as illustrated in Fig. 2. The upper (U) and lower (L) po-
lariton modes are given by ψU = Uχ + Vφ and ψL = Vχ − Uφ, 
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where the Hopfield coefficients, satisfying the normalization con-
dition |U |2 + |V|2 = 1, are explicitly defined as

|U |2 = ω+ωχ − ω−ωφ

(ωφ + ωχ)

√
�2 + 4�2

R

, (10)

|V|2 = ω+ωφ − ω−ωχ

(ωφ + ωχ)

√
�2 + 4�2

R

, (11)

where � = ωφ − ωχ . Near k = 0, the polariton is composed by 
50% photon and 50% exciton (for the case of zero detuning δ ≡
�|k=0 = 0), while for higher values of k � 0, the excitonic frac-
tion is much higher than the photonic one. Thus, the strategy to 
produce different kinds of wakefields consists in moving the pump 
with different velocities, corresponding to different points in the 
lower polariton brunch (see Fig. 2).

Let us now introduce a finite pump P 	= 0, while keeping the 
interaction term negligible. This can be done if the pump intensity 
is lower than the bistability threshold [40]. We further assume that 
the pump moves with constant velocity v along some direction z, 
and assume it to be uniform in the perpendicular direction, which 
allows us to write P (r, t) ≡ P (x − vt). By performing the following 
variable transformation (x, t) → (ξ, τ ), with ξ = (x − vt), τ = t , 
we can rewrite the exciton–photon field equations in terms of the 
Lagrangian variable ξ as(

∂2

∂ξ2
− iκφ

∂

∂ξ
+ i�φ

)
φ = εφχ + I(ξ), (12)

(
∂2

∂ξ2
− iκχ

∂

∂ξ
+ i�χ − α |χ |2

)
χ = εχφ, (13)

where we have introduced the new quantities

κφ = 2mφ

h̄
v, �φ = 2mφ

h̄
γχ , εφ = mφ

h̄
�R , (14)

and

κχ = κφ

mχ

mφ

, �χ = �φ

mχ

mφ

τφ

τχ
, εχ = εφ

mχ

mφ

, (15)

with the new source term I(ξ) and nonlinear parameter α defined 
as

I(ξ) = 2mφ

h̄2
P (ξ), α = 2mχ

h̄
α1. (16)

Eqs. (12)–(13) are the basic equations for the description of wake-
fields produced by the source I(ξ) and are derived by assuming 
the quasi-static approximation, i.e. ∂/∂τ = 0. Such an approxima-
tion can be justified when the dispersion of the pulse is negligible, 
in a way that its shape I(ξ) stays unchanged (which is the case for 
an externally applied pump propagating along short distances).

3. Exciton wakefields

In what follows, we consider the situation where the exci-
tonic fraction of polaritons is much larger than the photon one. 
This corresponds to a large wavevector, k � 0, corresponding to a 
pump propagating with velocity v ∼ h̄k/mχ , as depicted in Fig. 2
(blue shadowed region). In this case, we can assume a local pho-
ton field solution of the form i�φφ = I(ξ), and reduce the above 
two coupled equations to a single equation for the driven exciton 
field,(

∂2

∂ξ2
− iκχ

∂

∂ξ
+ i�χ − α |χ |2

)
χ = −i

εχ

�
I(ξ). (17)
χ

Let us now define new variables such that

χ(ξ) = h(ξ)exp

(
i

2
κχξ

)
, (18)

where h(ξ) is the exciton field envelope. Replacing in Eq. (17), we 
write[

∂2

∂ξ2
+ κ2(ξ)

]
h = J (ξ), (19)

where κ(ξ) is a slowly varying function of the coordinate ξ , as 
given by

κ2(ξ) = κ2
χ

4
+ i�χ − α|h(ξ)|2. (20)

The exciton wakefield Eq. (19) describes a driven nonlinear oscil-
lator. For causality reasons, the forced solution is such that the 
signal h(ξ) must vanish upstream to the source I(ξ), i.e. h(ξ) = 0
for ξ > 0. In that case, the formal solution for the exciton wave-
function envelope reads

h(ξ) =
ξ∫

∞
J (ξ ′) sin

[
ϕ(ξ) − ϕ(ξ ′)

]
dξ ′, (21)

with the phase function ϕ(ξ) defined as

ϕ(ξ) =
ξ∫
κ(ξ ′)dξ ′. (22)

Using the expression in Eq. (20), and assuming that the term in 
κχ is dominant, which corresponds to weakly damped and low 
amplitude wakefields, such that κ2

χ � �χ and κ2
χ � α|h(ξ)|2, we 

get

ϕ(ξ)  1

2

(
κχ + 2i

�χ

κχ

)
ξ − 2α

κχ

ξ∫
|h(ξ ′)|2dξ ′. (23)

In the linear case (i.e., below the bistability threshold [40]), when 
we can assume that α  0, the wakefield solution (21) reduces 
to

h(ξ) =
ξ∫

∞
J (ξ ′) sin

[
κχ

2

(
1 + 2i

�χ

κ2
χ

)
(ξ − ξ ′)

]
dξ ′. (24)

These solutions are illustrated in Fig. 3. As we can observe, the 
wakefield amplitude decreases downstream, as a consequence of 
the finite life-time of excitons. Moreover, the amplitude of the 
wake decreases with the width σ0 of the laser. The latter behavior 
can be understood from Eq. (24), giving the wakefield as a con-
volution between two functions: the larger the pulse, the stronger 
the interaction between the different modes of the Green function. 
More pronounced wakes are obtained for J (ξ) = δ(ξ).

4. Polariton wakefields

Let us now consider that the pump is tuned to be resonant with 
the bottom of the lower polariton branch, as illustrated in Fig. 2. In 
that case, the excitonic and the photonic fractions are nearly equal. 
We go back to Eqs. (12)–(13) and define the new field variables 
g(ξ) and h(ξ),

φ(ξ) = g(ξ)exp

(
i
κφξ

)
, χ(ξ) = h(ξ)exp

(
i
κχξ

)
. (25)
2 2
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Fig. 3. (Color online.) Exciton wakefield produced by an external pulse prop-
agating with velocity v = 1.2 nm/ps (blue/light gray lines, corresponding to 
κχ = 8.4 μm−1) and v = 1.8 nm/ps (red/dark gray lines, corresponding to κχ =
12 μm−1). Panels a) and b) are the analytic solutions obtained from Eq. (24), while 
panels b) and d) depict the numerical solutions obtained from Eq. (17). We have 
used σ0 = 0.2 μm for the panels a) and c) (resp. σ0 = 0.4 μm for the panels b) 
and d)). In all situations, we have normalized the wakefield amplitude relatively to 
the pump intensity I0 and used the following parameters [1,40]: mφ = 5 × 10−5me , 
mχ = 0.4me , τφ = 30 ps, τχ = 400 ps and h̄�R = 8 meV.

Replacing in the coupled wakefield equations, we get

D2
φ g ≡

(
∂2

∂ξ2
+ κ2

φ

)
g = aφh + I(ξ)e−iκφξ/2, (26)

D2
χh ≡

[
∂2

∂ξ2
+ κ2

χ (ξ)

]
h = aχ g, (27)

with the new quantities

κ ′ 2
φ = κ2

φ

4
+ i�φ, κ ′ 2

χ (ξ) = κ2
χ

4
+ i�χ − α|h(ξ)|2, (28)

and

aφ = εφei(κχ −κφ)ξ/2, aχ = εχ e−i(κχ −κφ)ξ/2. (29)

We can derive a closed equation for the exciton envelope h(ξ)

from Eqs. (26)–(27), which can be written as

D2
φ D2

χh = ∂2 ln aχ

∂χ2
D2

χh + aφaχh + aχ I(ξ)e−iκφξ/2. (30)

Rearranging the terms, one can finally obtain(
∂4

∂ξ4
+ κ2

a
∂2

∂ξ2
+ κ4

b

)
h = J ′(ξ), (31)

where we have used J ′ = aχ I(ξ) exp(−iκφξ/2) and

κ2
a = κ2

φ + κ2
χ + (κχ − κφ)2/4,

κ4
b = κ2

φκ2
χ + (κχ − κφ)2κ2

φ/4 − εφεχ . (32)

Eq. (31) is the polariton wakefield equation, which includes both 
the exciton and the photon dynamics. This equation can be solved 
Fig. 4. (Color online.) Wakefield wave vectors q− (blue/light gray) and q+ (red/dark 
gray) as a function of the pulse velocity v . The solid (dashed) lines represents the 
real (imaginary) parts of q− and q+ . We observe that the fast mode q+ is less 
damped.

with the Green’s function method. We take the Fourier transform 
of the latter to obtain

h(q) = J ′(q)G(q′), (33)

where h(q) and J ′(q) are the Fourier components of the functions 
h(ξ) and J ′(ξ), as defined by

h(ξ) =
∫

h(q)eiqξ dq

2π
, J ′(ξ) =

∫
J ′(q)eiqξ dq

2π
, (34)

and G(q) is the Fourier transformed Green’s function,

G(q) = 1

(q4 − q2κ2
a + κ4

b )
. (35)

Applying the convolution theorem, we can write the wakefield so-
lution to Eq. (31) as

h(ξ) =
∞∫

−∞
J ′(ξ)G(ξ − ξ ′)dξ ′, (36)

where G(ξ) is the inverse Fourier transform of G(q). We then get 
the following solution

h(ξ) = 2

κ2
a

∞∫
−∞

{
1

q+
sin[q+(ξ − ξ ′)]

− 1

q−
sin[q−(ξ − ξ ′)]

}
H(ξ − ξ ′) J ′(ξ ′)dξ ′. (37)

Here, H(ξ) is the Heaviside function and q± are the two poles of 
Eq. (35),

q2± = 1

2
κ2

a

⎛
⎝1 ±

√
1 − 4

κ4
b

κ4
a

⎞
⎠ , (38)

which can also be written as

q2± = 1

2
κ2

(
1 ±

√
1 − 4

εφεχ

κ4

)
,

κ2 = κ2
φ + κ2

χ + (κχ − κφ)2/4. (39)

The slow and fast wake modes q± are separated by one order of 
magnitude, as shown in Fig. 4. Similarly to the case of excitonic 
wakes described in the previous section, finite exciton (and in the 
present case also photon) lifetime leads to wake damping, which 
is related to the imaginary of the modes q± .

In order to illustrate the physical meaning of the wakefield so-
lution (37), we determine the wake left behind a Gaussian pump 
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Fig. 5. (Color online.) Numerical example of a polariton wakefield, produced by 
a moving external source, corresponding to the following parameters: mφ = 5 ×
10−5me , mχ = 0.4me , τφ = 30 ps, τχ = 400 ps and h̄�R = 10 meV. The red/light 
gray lines are obtained for v = 0.1 nm/ps, while the blue/darker lines correspond 
to v = 0.08 nm/ps. In the left (right) panel, we used σ0 = 0.1 μm (σ0 = 0.3 μm). 
We have used the same cavity parameters as in Fig. 2.

I(ξ) = I0 exp(−ξ2/σ 2
0 ), where σ0 is the beam width and I0 =

(2mφ/h̄2)P0 is the maximum external pump intensity. The source 
term in (37) is then given by

J (ξ) = I0εχ e−iκχ ξ/2 exp

(
− ξ2

σ 2
0

)
. (40)

The polariton wakefield solution is illustrated in Fig. 5. We can 
clearly identify two different oscillations, one determined by the 
exciton-like dynamics, which is similar to the one shown in Fig. 4
(fast modulation), and a second one determined by the photon-
like dynamics (slow modulation). We also observe that the fast 
modulation, which possess smaller amplitude, is less damped that 
the slow mode (see Fig. 4). This is so because the exciton life-
time is much larger than the photon mode. We notice that the 
slow and fast oscillations propagate with the same phase velocity, 
which equals the velocity v of the moving source. Such a synchro-
nism between the velocity of the moving object and the phase 
velocity of the wakefield oscillations is a characteristic features of 
the wakefields [31,36]: a pulse moving with group velocity v is in 
resonance with the modes of phase velocity ωL/k and the wake 
contains only those modes. This is of course true for nondispersive 
wakefields, produced by narrow light pulses, which corresponds to 
our case. One interesting application of wakefields in practical ex-
periments can be the acceleration of excitons, in the same way 
that neutral atoms are accelerated in laser-plasma wakefields [41]: 
although excitons (or polaritons) cannot be accelerate by an elec-
tric field, as they are neutral particles, electrons and holes alone 
can. One then may think of combining the electron–hole plasma 
acceleration with the electron–hole recombination effect, design-
ing a scheme to produce energetic beams of excitons or exciton-
polaritons. We reserve the study of exciton acceleration to a future 
work. Exciton-polariton wakefields can also be used as an alterna-
tive way of characterizing microcavities, as the form of the wake is 
strictly related on the basic properties of the semi-conductor and 
the cavity (quality factor, exciton and photon lifetimes, coupling 
strength, etc). The access to time-resolved spectra, with the aid 
of a streak camera, may allow direct and very accurate measure-
ments of wakefield features (modulation frequencies, amplitude 
and damping rate).

5. Conclusions

We have investigated the generation of wakefields in a semi-
conductor microcavity in the strong coupling regime excited by a 
moving external pump source. This opens the way to the study of 
non-stationary regimes in driven-dissipative cavities, which could 
lead to further theoretical studies and could also stimulate a new 
type of time-resolved experimental observations. We have shown 
that the nature of the wake, being either purely excitonic or po-
laritonic, can be controlled by tuning the pump wavevector. While 
in the former case the wakefield corresponds to a single frequency 
modulation of the exciton wavefunction envelope, in the latter the 
wakefield consists of a two-frequency modulation. The fast (slow) 
mode is associated with the excitonic (photonic) fraction of the 
polariton fluid. The influence of the transverse shape of the mov-
ing source, the relation of the resulting wakefields, the possible 
Cherenkov emission and the polariton acceleration will be left to a 
future work.
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