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We show how a minimization principle of quantum entanglement between the oscillating flavors
of a neutrino leads to a unique prediction for the CP-violation phase in the neutrino sector without
assuming extra symmetries in the Standard Model. We find a theoretical prediction consistent with
either no CP-violation or a very small presence of it.

The advent of quantum information (QI) has brought
us a deeper understanding of quantum entanglement, a
fundamental aspect of nature that Erwin Schrödinger
called ”the characteristic trait of quantum mechanics,
the one that enforces its entire departure from classi-
cal lines of thought” [1]. Furthermore, entanglement can
also be seen from an operational point of view, namely
for novel paradigms and disruptive technologies for in-
formation processing, information transmission, and in-
formation acquisition [2], with a significant potential for
societal impacts. Quantum information science and tech-
nologies can, in turn, help us investigate, simulate, and
better understand fundamental physics, such as quantum
many-body systems or high-energy physics (HEP) [3–6].
But what is exactly the role of quantum entanglement
and quantum information in high-energy physics? Can
quantum correlations help us understand and predict the
behaviour of fundamental particles?

The Standard Model (SM) of particle physics has been
extremely successful at compacting almost all of the sub-
atomic physics. Nevertheless, most of its parameters are
purely obtained via experiment band have been notori-
ously difficult to predict theoretically. Uncovering the
fundamental origin of these parameters is of the utmost
importance for our understanding of the physical world
and may provide valuable insights towards a unifying the-
ory of all interactions. The usual approach to this prob-
lem begins by assuming new ingredients in the form of
symmetries, which typically add new particle content to
the SM. Recently, however, there have been attempts at
using quantum information to derive unexplained yet well
established phenomena in the SM. These works usually
involve finding specific situations in the SM which can
be encoded in quantum states of up to three qubits. The
most obvious cases consist in finding scenarios in parti-
cle physics where only two or three degrees of freedom
interact. Helicities of fermionic particles (two degrees of

freedom) and neutrino flavor oscillations (three degrees
of freedom) are the most immediate ones. On neutrino
oscillations, existing works (e.g. [7–10]) focus on calcu-
lating basic QI quantities, like entanglement entropy, ver-
ifying the possible entanglement classes or simulating the
oscillation dynamics in a quantum computer. Regarding
the helicities of fermionic particles, the analysis of the
role of quantum scattering in entangling the helicity de-
grees of freedom of the participating particles has been
explored in [11, 12]. Other works have also attempted
to connect the symmetries of the SM with the entangle-
ment classes of two and three qubits by treating Isopin
as a qubit [13]. Overall, the only works that can be con-
sidered to constrain unexplained features of the SM are
[11], where a principle of entanglement maximization was
used to fix the symmetries of Quantum Electrodynamics
(QED), and [14], where a principle of entanglement sup-
pression was proposed to explain emergent symmetries in
Quantum Chromodynamics. Despite the growing inter-
est in QI applications to the SM, however, the problem
of predicting SM parameters with QI has never been ad-
dressed.

In this work, we will focus on one non-trivial exam-
ple where entanglement is naturally occurring in particle
physics, namely in the three quantum degrees of freedom
associated to the flavor oscillations of a neutrino. Due to
the mismatch between the mass and flavor basis, a non-
interacting neutrino is always in a superposition of the
three available flavor basis states, comprising a quantum
state which is in general entangled. This entanglement
is a function of the (currently unexplained) four parame-
ters of the so-called Pontecorvo–Maki–Nakagawa–Sakata
(PMNS) matrix, which quantifies the rotation between
the mass and flavor eigenbases. In this work, we show
how the minimisation of concurrence [15], a scalar mono-
tonic quantity which quantifies the entanglement of a bi-
partite quantum state, results in a unique prediction for
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the CP-violation phase.
Entanglement in neutrino oscillations— Free neutri-

nos exist as mass eigenstates |νi〉, where i = 1, 2, 3 but
they interact with matter in the flavor eigenbasis |να〉,
where α = e, µ, τ . Henceforth, we will use latin indices
for the mass eigenbasis and greek indices for the flavor
eigenbasis. As a consequence, a neutrino with a given

initial flavor α can also be written as the superposition

|να〉 =
∑
α

U∗PMNS
iα |νi〉 (1)

where UPMNS is the PMNS matrix. The PMNS matrix
has four degrees of freedom, and can be parametrized as

UPMNS =

1 0 0
0 cos(θ23) sin(θ23)
0 − sin(θ23) cos(θ23)

 cos(θ13) 0 sin(θ13)eiδCP

0 1 0
− sin(θ13)e−iδCP cos(θ13) cos(θ13)

 cos(θ12) sin(θ12) 0
− sin(θ12) cos(θ12) 0

0 0 1

 , (2)

which depends on three angles θ12, θ13, θ23 and a
phase δCP . The latter is also known as the
CP-violation phase, since it determines the viola-
tion of Charge-Parity (CP) invariance as quantified
by a non-zero Jarslkog invariant, given by J =
cos2(θ13) sin(2θ12) sin(θ13) sin(2θ23) sin(δCP )/4. After
a time t, the initial state becomes |να(t)〉 =∑
αβ Uαβ(t) |νβ〉, where

Uαβ(t) =
∑
i,j

U∗PMNS
αj e−iEjtUPMNS

βi , (3)

with Ej =
√
m2
j + |p|2, encompasses the entire unitary

evolution, given by a unitary rotation from the flavor to
the mass eigenbasis and a free unitary evolution in the
mass eigenbasis, followed by the inverse rotation back
to the flavor eigenbasis. Due to the small masses of the

neutrinos, one may take the approximation Ej ≈ |p|+
m2

j

2E
such that e−iEjt ∝ exp(diag(0,−i∆m2

12`,−i∆m2
13`)) up

to an unphysical phase, where ∆m2
ij = m2

i −m2
j and ` ≡

t/(2E) is a parameter with units of distance. Since we
are using natural units c = ~ = 1, one may use the time
t or distance L interchangeably.

As a consequence of (3), a neutrino that started in
a given flavor at time t = 0, can be found to interact
in a different flavor state after a time t, a phenomenon
known as neutrino flavor oscillations. From the quantum
information point of view, the superposition |να(t)〉 =
Uαe(t) |νe〉+Uαµ(t) |νµ〉+Uατ (t) |ντ 〉 will in general result
in an entangled state. To better emphasize the entangled
degrees of freedom, one may take the mapping

|νe〉 = |100〉 , |νµ〉 = |010〉 , |ντ 〉 = |001〉 , (4)

which encodes flavors in three-qubit states. This is in
fact the map used in most references dealing with en-
tanglement in neutrino oscillations (see for example [7–
10]). This mapping naturally emerges from a Quan-
tum Field Theory perspective of neutrino oscillations
[10], whereby each qubit represents the vacuum mode

excitations corresponding to the creation and annihila-
tion of quantum field modes associated to a flavor, i.e.
|000〉 ≡ |0〉e ⊗ |0〉µ ⊗ |0〉τ , where |0〉α is the vacuum for
the flavor α. Due to the fermionic nature of the neutrino
quantum fields associated to each flavor, for a given mo-
mentum and spin there can only exist one excited mode
per flavor, hence the qubit nature of the mapping. The
fact that all the states in (4) have only a single qubit in
the state |1〉 is a consequence of the fact that only a single
flavor per neutrino can be excited at the same time. This
can be checked analytically by deriving the explicit form
of the creation and annihilation operators associated to
the mass and flavor neutrino quantum fields, as done in
[10]. In the end, the state, after a time t, of a neutrino
with initial flavor α can be written as

|να(t)〉 = Uαe(t) |100〉+Uαµ(t) |010〉+Uατ (t) |001〉 . (5)

To study the entanglement in (5), one may perform a
Positive-Partial-Transpose (PTT) test [16] on the density
matrix ρα(t) = |να(t)〉 〈να(t)|. This amounts to partial
transposing one of the 3 qubits and calculating the eigen-
values of the resulting matrix. If one of them is negative,
the matrix is entangled. One can check that indeed this
is the case, as was already found in the literature [7–10],
and that the state |να(t)〉 belongs to the W entanglement
class of three qubits. In fact, it has already been verified
that the entanglement present in the flavors degrees of
freedom satisfies all monogamy inequalities [7–10].

A principle of entanglement minimisation— The resid-
ual tangle of (5), a quantity which measures the amount
of tripartite entanglement in a three qubit state [17], is
identically zero, as expected from a state of the W class.
This implies that all entanglement exists among the three
possible flavor bipartitions of |να(t)〉. Bi-partite entan-
glement can be quantified by the squared concurrence
[18] of a two-qubit state, in this case obtained by tracing
out one qubit (i.e., flavor) from the density matrix ρα(t).
One may show [17] that the squared concurrences for all
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bipartitions are given by

C2
eµ;α(`) = |Uαe(`)|2|Uαµ(`)|2 , (6)

C2
eτ ;α(`) = |Uαe(`)|2|Uατ (`)|2 , (7)

C2
µτ ;α(`) = |Uαµ(`)|2|Uατ (`)|2 , (8)

where C2
γβ;α denotes the squared concurrence between

the two flavors γ and β, starting with an initial flavor
α at t = ` = 0, where ` denotes the distance parame-
ter ` ≡ t/(2E). The squared concurrences have involved
expressions which depend on summations and products
of trigonometric functions, resulting in oscillating quan-
tities which are mostly intractable for analytic calcula-
tions. Nevertheless, these oscillating functions will have
a certain amplitude, which depends on the four parame-
ters θ12, θ13, θ23 and δCP of the PMNS matrix, as well as
the mass-squared differences ∆m2

21 and ∆m2
31. One may

conjecture a principle of minimization of entanglement
as a way to constrain the possible values of the free pa-
rameters of the PMNS matrix, similarly to the principle
of least action. In this case, we assume the following:

Conjecture: The CP-violation phase δCP is such
that the minimum range of bi-partite flavor entanglement
is achieved.

The reason why we consider only the δCP parameter is
two-fold. Firstly, it is much simpler to minimize one pa-
rameter and to gain intuition on the problem. Secondly,
the parameters θ12, θ13 and θ23 have been measured with
a much better precision [19] than δCP , so the precision
in the theoretical determination of δCP will be better as
well.

One may thus fix all experimental parameters except
for δCP and calculate the values for which the mini-
mum possible range among all squared concurrences is
achieved. We begin by applying this minimization pro-
cedure on the pair of flavors e and τ , starting with
an initial electron neutrino, so the squared concurrence
C2
eτ ;e(`, δCP ) will be a function of ` and the phase δCP .

Since δCP is not directly observable, we take the quantity
sin(δCP ) instead, which is observable via the Jarlskog in-
variant. The value of sin(δCP ) for which the global max-
imum of C2

eτ ;e is minimized is obtained by solving the set
of equations

∂C2
eτ ;e(`, δCP )

∂`

∣∣∣∣
`=`max

= 0 , (9)

∂C2
eτ ;e(`

max, δCP )

∂ sin(δCP )

∣∣∣∣
sin(δCP )=sin(δCP )min

= 0 . (10)

Although the system of equations given by (9) and (10)
is too intricate to solve analytically, one may plot the
results in order to get a good estimate. As one may im-
mediately infer from Figure 1, the numerical solution for
sin(δCP )min is quite close to 0, which is not so intuitive,
given the involved form of C2

eτ ;α, as can be observed in

0

Figure 1. Numerical solution of equations (9) and (10) with
respect to sin(δCP ). The global minimum is unique and ap-
proximately equal to sin(δCP ) ≈ 0.000474. All free param-
eters apart from sin(δCP ) are fixed according to the most
recent experimental data from the Particle Data Book [19],
using 1-sigma errors.

Figure 2. In addition, it is also surprising that there is
a single value of sin(δCP ) for which the system of equa-
tions (9) and (10) is satisfied, which is not expected given
the oscillating nature of C2

eτ ;e. Nevertheless, with this
ansatz, one may check to a high precision that the actual
minimum is achieved for sin(δCP )min ≈ 0.000474.
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Figure 2. Concurrence C2
eτ ;e(`, δCP ) (in blue) as a function of

the parameter `, for the specific value of sin(δCP ) ≈ 0.000474.
This corresponds to the scenario where the minimum range
of entanglement between the electron and muon flavors is
achieved, i.e. the minimum of the possible maxima (in red)
as a function of sin(δCP ) is achieved. All free parameters
apart from sin(δCP ) are fixed according to the most recent
experimental data [19].

Repeating the same procedure for all other possible
pairs of flavors and initial neutrino flavors, one finds the
results plotted in Figure 3, which confirm that the min-
imum possible range of entanglement happens for the
bipartition of electron/tau flavors. Due to the non-linear
nature of the concurrence oscillations, it is difficult to find
any intuition in the magnitudes for the maximum ranges
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Figure 3. The concurrences between all possible pairs of
neutrino flavors, for all initial neutrino flavors possibilities.
It is found numerically that the global minimum of all these
functions is achieved for the electron/tau neutrino flavor case,
starting with an initial electron neutrino. All free parameters
apart from δCP are fixed according to the most recent exper-
imental data [19].

present in Fig. 3. Nevertheless, that fact that θ13 is the
smallest mixing angle could be the reason why the con-
currence for the bipartition e/τ with the electron flavored
neutrino has the smallest minimum range. Checking in-
dividually the range of each concurrence for all pairs of
flavors, one would find that for some cases the minimum
would be close to 0 as well, although the correction to
this value compared to the electron/tau case would be
different. Nevertheless, since the latter is the minimum
possible range of entanglement, one is led to the predic-
tion

sin(δNO
CP ) = 4.7+81.1

−27.5 × 10−4 , (11)

for the Normal Ordering of neutrino masses and

sin(δIOCP ) = −2.1+39.5
−84.6 × 10−4 , (12)

for the Inverted Ordering. These results are obtained
using the central values and experimental errors in the
Particle Data Book [19] and are contained within three
standard deviations from the current experimental aver-
age δexp.CP − π = 0.36+0.20

0.16 π, or equivalently, sin(δexp.CP ) =
−0.904+0.077

−0.317. Our results, expressed in Eqs. (11)-(12),
thus favor CP-conservation in the lepton sector.

Conclusions— In this work we showed how one may
formulate principles that minimize entanglement, and
how this may be used as a condition to determine un-
explained parameters in the Standard Model of Particle
Physics. In particular, the maximum concurrence be-
tween two flavors of a neutrino, which quantifies the en-
tanglement between those two degrees of freedom, was
minimized with respect to the CP-violation phase. This
resulted in a unique prediction to the latter parameter
which, despite being too difficult to achieve analytically,
resulted nonetheless in concrete values with a small mar-
gin of error, favoring CP-conservation. This result opens

the prospect of exploiting quantum information, and in
particular quantum correlations to understand and pre-
dict the behaviour of fundamental particles.
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S. Pratapsi, G. Quinta, M. Dimitrijevs, A. Rivošs, P. Bar-
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