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The transfer of information between two physical locations is an essential component of both clas-
sical and quantum computing. In quantum computing the transfer of information must be coherent
to preserve quantum states and hence the quantum information. We establish a simple protocol for
transferring one- and two-electron encoded logical qubits in quantum dot arrays. The theoretical
energetic cost of this protocol is calculated—in particular, the cost of freezing and unfreezing tun-
nelling between quantum dots. Our results are compared with the energetic cost of shuttling qubits
in quantum dot arrays and transferring classical information using classical information buses. Only
our protocol can manage constant dissipation for any chain length. This protocol could reduce the
cooling requirements and constraints on scalable architectures for quantum dot quantum computers.

I. INTRODUCTION

Quantum dot quantum computers encode qubit states
using electrons isolated in confined regions by electric
fields. Efficiently transferring qubit states in these
semiconductor-based architectures is a significant unre-
solved problem for their scalability. Recent proposals
have focused on coherently shuttling the electrons [1, 2]
and on transfer through multiple quantum dots using en-
gineered tunnel couplings [3], which employs theoretical
results from work in perfect state transfer [4–6].

A distinct but related question is the energetic cost
of using electric currents for the transfer of information
in semiconductor-based classical computation. Generat-
ing the required potential gradients is a major source of
energetic cost.

Landauer’s principle states that the energy dissipated
in the form of heat to erase a bit of information is
kBT log 2 [7], suggesting a minimum energetic cost for
computation. However, any computation can be per-
formed reversibly [8] and the Landauer limit can in the-
ory be surpassed. Despite further work on computing
using reversible logic [9], there remain essentially no prac-
tical implementations that are both frictionless and fast.
Adiabatic computing, which is slow reversible comput-
ing, has been proposed but with significant reductions in
performance [10, 11]. Quantum computing, using unitary
evolutions, is inherently reversible and therefore provides
a possible platform for low-energy computation. The co-
herent manipulation of single electrons for classical com-
putation has recently been proposed, with Moutinho et
al. [12] considering the energetic advantage of using a
quantum dot array with Fredkin gates to implement a
full adder, raising the pertinent question of whether a
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classical computer based on using small quantum systems
could provide an energetic advantage for classical com-
putation. The logical states of the qubits are one- and
two-electron encodings. Motivated by this, we address
the question of low-dissipation quantum buses in quan-
tum dot architectures for quantum and classical data. In
this model of a quantum data bus, linear chains of qubits
can effectively transfer quantum information due to the
natural evolution of an interacting Hamiltonian. In the-
ory, quantum state transfer [4, 5] can coherently transfer
information via quantum states without necessarily re-
quiring a voltage.

Currently, computers are many orders of magni-
tude from the Landauer limit, with the most power-
ful supercomputers consuming on the order of keV to
MeV per bit operation [12]. Despite the effort in re-
ducing computational energetic costs, the fundamental
limits for electron-based computing suggests that the
interconnects—fixed wiring—is the primary factor lim-
iting the efficiency of computation, potentially orders
of magnitude more costly than computation itself [13].
Here, we address this problem directly by proposing a
classical bus using coherent quantum dynamics where
the energetic cost does not scale with the length of the
wire. We establish a protocol for efficient transfer of an
electron using perfect state transfer chains and a sim-
ple electron separation protocol. This protocol could be
used for quantum computation to alleviate some cool-
ing constraints in scalable quantum computing architec-
tures [14]. We find the energetic cost of changing the
tunnel coupling between two quantum dots and the min-
imum energetic cost of implementing the protocol. This
is compared to our computed minimum energetic costs
for shuttling and for classical data buses. We also make
a note on the effect of noise in experimental quantum dot
arrays.
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II. PHYSICAL MODEL

For the quantum dot chains that we consider, the logi-
cal qubit is encoded in the charge, rather than spin. The
state transfer is a state |ψ1(t0)〉 at time t0, initialised on
quantum dot 1 in the chain, being transferred to the last
quantum dot in the chain at specific time T , |ψN (T )〉,
with a high fidelity, F = |〈ψ1(t0)|ψN (T )〉|2.

We set the initial time t0 = 0 and the initial state
for transfer to |ψ(0)〉 = |ψ1(0)〉 ⊗ |0〉 ⊗ · · · ⊗ |0〉. The
protocol, in the simplest case, involves simply turning
on interactions for specific time T and then turning off
interactions. The state is then at the final site N with
high fidelity.

A. Hubbard model

The general model for interacting quantum dots is an
extended Hubbard Hamiltonian with both capacitive and
tunnel coupling,

H

~
=
∑
i,σ

εin̂i,σ +
∑
i,σ

Γi(c
†
i,σci+1,σ + c†i+1,σci,σ)

+
∑
i,σ,σ′

Vin̂i,σn̂i+1,σ′ +
∑
i

Uin̂i,↑n̂i,↓, (1)

where εi is the local field applied to quantum dot i, Γi is
the tunnel coupling between quantum dots i and i+1, Vi
is the capacitive coupling between quantum dots i and
i + 1, Ui is the onsite interaction at site i, ci,σ and c†i,σ
are respectively the annihilation and creation operators
of an electron on quantum dot i with spin σ. The number
operator for electrons of spin σ is therefore n̂i,σ = c†i,σci,σ.

B. Simplified models

In the transfer protocol, we start with an initial state
that contains either one or two electrons depending on
the logical encoding used. Hence, assuming the spins of
the electrons do not flip and the number of electrons is
constant, significant simplifications to the general Hub-
bard model can be made. For a single-electron logical
qubit, we simply have the tunnel-coupling term and lo-
cal potential,

H1

~
=

N−1∑
i=1

Γi,i+1 (|i〉〈i+ 1|+ h.c.) +

N−1∑
i=1

εi|i〉〈i|, (2)

where we have defined a single-electron basis for the
quantum dot chain: |i〉 indicates an electron at quantum
dot i with the rest of the dots in the chain empty. The
spin of the electron is assumed to be unchanged through-
out the protocol. The model is more complex for the two
electron encoding, we introduce a two-electron state |i, j〉,

with an up spin electron at site i and a down spin elec-
tron at site j. There are N sites in the set S. The basis
can therefore be labelled by p ∈ S × S = {(i, j) | i ∈
S and j ∈ S}, giving length N2 and can be constructed
as |p〉 = |i, j〉 = c†i,↑c

†
j,↓|0〉. The Hamiltonian matrix ele-

ments are thus

Hp,p′ = 〈0|cj,↓ci,↑Hc†i′,↑c
†
j′,↓|0〉 (3)

The anti-commutation relations of fermions must be con-
sidered, {ci,σ, cj,σ′} = {c†i,σ, c†j,σ′} = 0 and {ci,σ, c†j,σ′} =
δi,jδσ,σ′ . With this careful choice of basis, such that the
order of creation operators for the up spin and down spin
are not permuted, we find

H2

~
=

N−1∑
i,j=1

[
Γi,i+1 (|i, j〉〈i+ 1, j|+ h.c.)

+ Γj,j+1 (|i, j〉〈i, j + 1|+ h.c.)

+ Uδi,j |i, j〉〈i, j|
+ V (δi,j+1 + δi+1,j) |i, j〉〈i, j|

+ (εi + εj)|i, j〉〈i, j|
]
, (4)

where δi,j is the Kronecker delta and we have assumed
the onsite interaction, U , and capacitive coupling, V , are
the same for all quantum dots. These Hamiltonians live
in significantly smaller Hilbert spaces than the full Hub-
bard model, which is a space that increases exponentially
with number of quantum dots N . On the other hand, for
H1 ∈ H1 and H2 ∈ H2, we have dim(H1) ∼ N and
dim(H2) ∼ N2, which are both significantly simpler to
simulate.

III. STATE TRANSFER WITH A SINGLE
ELECTRON

The single-electron Hamiltonian of Eq. (2) is equivalent
to the Hamiltonian of the single-excitation subspace dy-
namics of the XY model—a well-studied model for state
transfer [6]. We consider schemes that limit the use of εi
local fields as it would increase the energetic cost of the
protocol. The energetic costs of both this protocol and of
a classical information bus, are addressed in Section V.

In fact, perfect state transfer can be achieved directly
with the XY model in a number of ways that do not
require local fields. Engineering the spin-chain tunnel
couplings can lead to perfect state transfer. This can be
seen by rewriting Eq. (2) in matrix form,

H1

~
=



ε1 Γ1,2 0 · · ·
Γ1,2 ε2 Γ2,3 0

. . .

0 Γ2,3 ε3 Γ3,4 0
. . .

... 0 Γ3,4 ε4 Γ4,5
. . .

. . . . . . . . . . . . . . .


. (5)
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First, note that the raising and lowering operators of a
large spin with s = (N − 1)/2 act on basis states as
Ŝ±|s,m〉 =

√
s(s+ 1)−m(m± 1)|s,m ± 1〉. For given

s and quantum dot 1 ≤ i ≤ N , we find m = i − 1 − s.
Rotations of the spin can be induced by Sx, which is the
generator of rotations about the x axis in SO(3), giving
Rx(θ) = e−iSxθ. With the relationships above, we see
that H1 is equivalent to 2Sx = S+ +S− by setting εi = 0
for all i and

Γi,i+1 =
√
s(s+ 1)−m(m+ 1) (6)

=
√
i(N − i). (7)

After a time T = π/2, which gives unitary evolution
U(π/2) = e−iH1π/2~ = e−iSxπ, a rotation of π around
the x axis has been induced. This takes the initial state
|1〉 to the final state |N〉. Thus performing perfect state
transfer in time T ∼ N , where the tunnel coupling has
been scaled such that the largest coupling is 1.

We can also use the superexchange where the two end
qubits are weakly coupled to a relatively strongly-coupled
many-body quantum system [15–18]. In this case, the
many-body quantum system is the central quantum dots
of the chain. While the fidelity of state transfer is high,
the superexchange is very slow: if the coupling between
the central quantum dots is such that Γi,i+1 ∼ 1, and
the coupling of the first and final quantum dots to the
central chain is Γ1,2 = ΓN−1,N = ε, where ε � 1, then
the transfer time is T ∼ 1/ε2. Slow transfer is undesirable
for scalable and fast computational architectures because
it would require a slow clock frequency.

IV. STATE TRANSFER WITH TWO
ELECTRONS

State transfer for two electrons is less straight forward.
Although too slow for an architecture proposal, we note
that transfer using the superexchange is still possible
with two electrons.

Realising perfect state transfer in the same way as the
single electron case, with engineered spin chains replicat-
ing Sx for a large spin s, is not possible for non-zero U
and V . All diagonal terms would have to be constant (or
zero). In the case of two electrons, we would require

Uδi,j + V (δi,j+1 + δi+1,j) + εi + εj = d, (8)

for all i and j. If we consider |i− j| > 1, εi must be the
same for all i. Thus, U = V = 0 is required for all di-
agonal elements to be equal. In this case, we could then
use the same tunnel couplings as the single electron case
and have two non-interacting electrons that both sepa-
rately perform perfect state transfer at the same time.
If U � Γmin, where Γmin is the smallest coupling Γ1,2,
we have pretty good (not perfect) state transfer—which,
given that this work is also motivated by low-dissipation
classical computing, would be useful if it is experimen-
tally feasible. For example, a chain of 16 quantum dots,

with U = Γmin/10, has a fidelity of state transfer of
greater than 0.9.

We propose a protocol that first involves separating
the electrons and then transferring one electron at a time
along an engineered chain with perfect state transfer be-
fore recombination.

A. Two electrons and two quantum dots

The dynamics of two electrons with two quantum dots
can be tuned such that there is high fidelity of electron
separation, so one electron on each dot. Perfect state
transfer could occur with two electrons on two quantum
dots if the Hamiltonian for the evolution of the states—
the adjacency matrix of the graph with additional diag-
onal terms—can be written as

H

~
= Γ

0 1 1 0
1 0 0 1
1 0 0 1
0 1 1 0

+ d1, (9)

where d would have no effect on the evolution, see
Fig. 1(a) for the graph. The analysis can be simplified
for certain initial states. The states |1, 2〉 and |2, 1〉 can
be considered together because the quantum walk evo-
lution, U = e−iHt/~, is symmetric with respect to these
states if we start from |1, 1〉 or |2, 2〉, see Fig. 1(b). This
gives the adjacency matrix

A =
√

2Γ~

0 1 0
1 0 1
0 1 0

 , (10)

which is equal to 2ΓSx, where Sx is the x spin operator
for an s = 1 boson. Thus, if we assume no detuning
between sites, A is equivalent to a rotation around the x
axis and, as before, perfect state transfer occurs in time
T = π~/2Γ.

If we detune the final state |2, 2〉 from the rest, we
suppress the coherent transfer to this site. The dynam-
ics now lead to a high fidelity transfer between |1, 1〉 and
a superposition of |1, 2〉 and |2, 1〉, precisely the state re-
quired for coherent electron separation. To demonstrate
the cause of the suppression, consider only the interac-
tion of the superposition of the separated electrons with
the |2, 2〉 state, so a two-state system with one of the
states detuned by δ. Relabelling the basis states |0〉 and
|1〉, we have the Hamiltonian

H

~
= Γσx −

δ

2
σz +

δ

2
1, (11)

where σx and σz are the standard Pauli matrices. We can
neglect the identity term as it only adds a global phase.
The evolution of the state is therefore

U(t) = e−i(Γσx−
δ
2σz)t (12)

= cos(nt)1+ i
δ

2n
sin(nt)σz − i

Γ

n
sin(nt)σx, (13)
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FIG. 1. Graphs of states in various representations: (a) all
two-electron two quantum dot states are considered where
the electrons have opposite spins, (b) simplification of the
graph due to symmetry and initial states; (c) state |2, 2〉 is
suppressed due to detuning represented in (d).

where n =
√

Γ2 + (δ/2)2. When δ = mΓ with m
an integer larger than 1, the σx term is suppressed by
1/
√

1 + m2

4 . For m� 1 we have a suppression of ∼ 2/m

for the rotation term. This leads to a reduction in the
fidelity of oscillations from |0〉 to |1〉 by approximately
4/m2. Typical values for electron interaction and capac-
itive coupling are U = 20Γ and V = 10Γ, where Γ is the
tunnel coupling between the two quantum dots [19, 20].
Applying a local field ε2 = 10Γ to only the second quan-
tum dot, detunes the state |2, 2〉 by δ = 20Γ, while the
energy of the states |1, 1〉, |1, 2〉, and |2, 1〉 are all equal.
Using the analysis above, we should therefore find a re-
duction of the fidelity, leaking to the |2, 2〉, state of ap-
proximately 0.01. Numerically, we find a maximum fi-
delity of separation for the electrons of 0.993, see Fig. 2.
The fidelity can be made higher if we use quantum dots
with no capacitive coupling, so V = 0, and a local field
ε2 = 20Γ, which keeps the energy of the other states
equal. The detuning is now δ = 40Γ, giving an analytical
fidelity loss of approximately 0.0025, which is very close
to what we find numerically: a fidelity of separation of
0.998. The time for the electron separation is that of os-
cillations in a two state-system with interaction strength√

2Γ—the factor of
√

2 is because there are actually two
states |1, 2〉 and |2, 1〉 and therefore two paths between
|1, 1〉 to other node of the effective graph. Electron sep-
aration therefore occurs in time T = π~/2

√
2Γ, which is

what we find numerically.
For general U and V , to keep the energy of states |1, 1〉,

|1, 2〉, and |2, 1〉 equal, we set ε2 = ε1 + U − V , giving
the detuning δ = 2ε2 − 2ε1. The larger U is, while min-
imising V , the larger the difference between ε2 and ε1,
which increases δ and therefore the fidelity of electron
separation.

Once the electrons have been separated, they are co-
herently transferred sequentially along the central spin
chain with engineered couplings, as in the single-electron
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|1, 2〉+ |2, 1〉
|2, 2〉

ε1 = 0, ε2 = 0
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(b)

|1, 1〉
|1, 2〉+ |2, 1〉
|2, 2〉

ε1 = 0, ε2 = 10Γ

FIG. 2. Comparison of the fidelity for the separation of the
electrons with U = 20Γ, V = 10Γ (Γ is tunnel coupling) for:
(a) no local fields, showing the electrons essentially remain
bound together; (b) ε2 = 10Γ, showing a maximum electron
separation fidelity of 0.993.

case. In theory, this step gives unit fidelity for state trans-
fer. Noise is discussed in Section VI. The electrons are
then recombined using the inverse of the separation pro-
cedure, with essentially the same fidelity. Fig. 3 shows
the steps of the protocol.

V. ENERGETIC COST

The energetic cost of both the single- and two-electron
quantum buses are now considered. As a benchmark, we
compare the energetic cost of shuttling electrons, and the
lower bound of a data bus in a classical CPU.

With engineered couplings, the transfer of the electron
is coherent. Hence the transfer itself does not require
an energy source—the reason for an energetic advantage.
However, the interactions must be turned on and off,
which does have an energetic cost.
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FIG. 3. Energy-efficient protocol for transfer of a two-electron logical qubit (or bit): (1) The initial state is loaded into quantum
dot 1a (QD1a), and split into an equal superposition of both spins in QD1a and QD1b using electron separation protocol; (2)
and (3) Perfect state transfer is used to transfer each electron individually; (4) The electrons are recombined onto QDNa.

A. Energetic cost of freezing and unfreezing
interactions

We show that the energetic cost of freezing and un-
freezing the interactions for a quantum dot system has
an optimal energetic cost equivalent to approximately the
charging energy of a quantum dot, EC . The energetic
cost of freezing and unfreezing interactions can be esti-
mated by considering a double quantum dot with two
electrons.

There are two limiting cases: the barrier potential go-
ing to zero giving one large quantum dot with two elec-
trons; and the barrier potential being very high giving
two isolated quantum dots each with harmonic poten-
tials. In our quantum dot model, we consider the latter
case, with a significant barrier. This assumption is rea-
sonable since the preceding protocol for state transfer is
in the regime U � Γ.

Electrons in a double quantum dot can be modelled
as a biquadratic potential [19, 21–24], see Fig. 4. The
Hamiltonian for two electrons is

H =

2∑
j=1

[
p2
j

2m∗
+ V (rj)

]
+

e2

4πε0εr

1

|r1 − r2|
, (14)

where pj and rj are the momentum and position vectors
of electron j in two dimensions, m∗ is the effective mass,
and V (r) is the potential

V (r) = V0 min
[
(r − l)2, (r + l)2, µ

]
, (15)

where µ is the chemical potential, and the dots are lo-
cated at ±l, a distance of d = 2l apart. For large µ,

we consider the simplification VS(r) = limµ→∞ V (r).
Fig. 4 shows the form of the potential, with barrier height
VB = V0l

2 between the dots. Increasing the distance
between the harmonic potentials increases the barrier
height. Rather than increasing the distance, however,
d is fixed and the strength of the harmonic potentials V0

is increased. In the low temperature limit, kBT � ~ω0,
the electrons are assumed to be in their ground state. For
a two-dimensional harmonic trap with V0 = m∗ω2

0/2, the
ground state energy, with lowest orbital momentum in
the confinement, is ~ω0. We define a dimensionless pa-
rameter η = m∗ω0l

2/~, which is the ratio of the barrier
height and half the ground state energy of an electron in
a harmonic trap. In this analysis, only η > 1 is consid-
ered, following from U � Γ. In this regime, the Heitler-
London (HL) approximation is valid [24] since the quan-
tum dots are sufficiently separated. We can thus build
the two-electron ground state from single-electron har-
monic ground states of model Hamiltonians of the form
h

(0)
L/R = p2

1/2m
∗ +m∗ω2

0(r1 ± l)2/2.

If there are no external fields, the ground state of two
electrons will always be the singlet state because the spa-
tial wave function is symmetric, i.e. exchange coupling
J ≡ ET−ES > 0 [23], where ET/S are the triplet and sin-
glet energies. Further to this, we will consider two elec-
trons on the same quantum dot to calculate the charging
energy EC . The lowest energy is when both electrons
can occupy the same lowest energy orbital, giving a sym-
metric spatial wave function, and therefore a singlet spin
state. As we are not concerned with the exchange cou-
pling, we only consider the singlet state in the following
HL approximation and further analysis.



6

FIG. 4. One-dimensional cross section through the centre of
the confining harmonic potentials that model a double quan-
tum dot. The confinement is in two dimensions, with radial
symmetry around the centre of each of the dots. The size of
V0 has been changed between (a) and (b), with (b) showing
increased confinement and therefore a higher barrier.

The ground state of the harmonic potentials for the left
and right quantum dots, with Hamiltonians h(0)

L/R, are

ϕL/R(r) = 〈r|L/R〉 =
1

a
√
π
e−

1
2a2

[(x±l)2+y2], (16)

where we have defined a Bohr radius a =
√
~/m∗ω0,

r = (x, y), and the dots are centred along the x axis.
Using the HL approximation, the ground state of the
two-electron double quantum dot is a symmetric spatial
superposition of the electrons on different dots. We de-
fine the overlap between the adjacent harmonic poten-
tials, s = 〈L|R〉 = e−l

2/a2 = e−η. As in Ref. [25], the
Hund-Mulliken (HM) approximation is used to further
include the states with two electrons on the same quan-
tum dot, the (2,0) and (0,2) states, which must also be
singlet states in the ground state. The left and right
basis states are rotated such that they are orthogonal,
〈ΦL|ΦR〉 = 0, giving |ΦL/R〉 = (|L/R〉 − g|R/L〉) /N
where N =

√
1− 2sg + g2 and g = (1 −

√
1− s2)/s,

such that both N and g are functions of η. In this ba-
sis, with ΦL/R(r) = 〈r|ΦL/R〉, the three relevant spatial
wave functions are

Ψd
L(r1, r2) = ΦL(r1)ΦL(r2), (17)

Ψd
R(r1, r2) = ΦR(r1)ΦR(r2), (18)

Ψs
0(r1, r2) =

1√
2

[
ΦL(r1)ΦR(r2)+ΦR(r1)ΦL(r2)

]
, (19)

where Ψd
L/R(r1, r2) indicate the doubly occupied states

(2,0) and (0,2), and Ψs
0(r1, r2) indicates both sites be-

ing singly occupied (1,1). All these states are symmetric
since the states are spin singlets.

The Hamiltonian is separable for the non-Coulomb
terms: Ĥ = ĥ⊗1+1⊗ĥ+Ĉ, where ĥ = p2/2m∗+VS(r),
and Ĉ = e2/4πεrε0|r1 − r2|. The tunnelling terms, from
the states Ψd

L(r1, r2) or Ψd
R(r1, r2) to Ψs

0(r1, r2), are
then given by the matrix element

~Γ(2) =
√

2〈ΦL/R|ĥ|ΦR/L〉+ 〈Ψd
L/R|Ĉ|Ψs

0〉, (20)

where we have defined a two-electron tunnelling rate,
Γ(2), including the Coulomb repulsion. If there is no
Coulomb repulsion and we ignore the presence of the sec-
ond electron, we have the ‘bare’ tunnelling rate

~Γ = 〈ΦL/R|ĥ|ΦR/L〉, (21)

=
1

N 2

[
(1 + g2)w − 2gu

]
, (22)

where we have used w = 〈L|ĥ|R〉 = 〈R|ĥ|L〉 and u =

〈L|ĥ|L〉 = 〈R|ĥ|R〉. Furthermore, we find

w =

(
1−

√
η

π

)
e−η~ω0 (23)

and,

u =

(
1−

√
η

π
e−η + η erfc(

√
η)

)
~ω0, (24)

where erfc(
√
η) is the complementary error function.

The charging energy, EC , is approximately the differ-
ence in energy between having two electrons in the lowest
energy level of a single quantum dot and having only one
electron in the dot,

EC ≈ E(2)
0 − E(1)

0 , (25)

where E(1)
0 (E(2)

0 ) is the ground state energy of 1 (2)
electrons in a single harmonic potential. For a single
electron in a harmonic trap, as above, E(1)

0 = ~ω0. Two
electrons in a single harmonic potential is more complex
since the Coulomb repulsion of the two electrons must be
considered, and in the double quantum dot model above,
we have

E
(2)
0 = 2〈ΦL/R|ĥ|ΦL/R〉+ 〈Ψd

L/R|Ĉ|Ψd
L/R〉 (26)

=
2

N 2

[
(1 + g2)u− 2gw

]
+ U (27)

for two electrons on either the left or right quantum dot—
these are equivalent. The second term in this model is
the onsite interaction in the Hubbard model, U . For
well separated quantum dots, η & 1.5, leading to u� w
and g � 1, hence (1 + g2) � 2g. For the purposes of
the following approximations, it is therefore sufficient to
give onsite energy due to the momentum and potential as
〈ΦL/R|ĥ|ΦL/R〉 ≈ ~ω0 and the onsite Coulomb repulsion
as U ≈ U0, where

~U0 =

∫
dr1

∫
dr2

[
ϕL/R(r1)ϕL/R(r2)

× C(r1, r2)ϕL/R(r1)ϕL/R(r2)
]
, (28)

with C(r1, r2) = e2/4πεrε0|r1 − r2|. The identity
1

|r1−r2| = 2√
π

∫∞
0
dt exp

{
−t2(r1 − r2)2

}
[26] can be used

to compute U0, giving E
(2)
0 ≈ 2~ω0 + c~ω0, where



7

c = (e2/4πεrε0ã)/~ω0 and ã =
√

2/πa; c is the ratio
of the Coulomb energy (e2/4πεrε0ã) to the confinement
energy (~ω0). Overall, the charging energy is therefore
EC ≈ (1 + c)~ω0.

Both η and c are dependent on the confinement fre-
quency ω0, as η = η0ω0 and c = c0/

√
ω0, where

we have introduced the parameters η0 = l2m∗/~ and
c0 =

√
πm∗/2e2/4πεrε0~3/2. After increasing the con-

finement potential of a single electron by the charg-
ing energy, we have the new ground state frequency
ω̃0 = ω0 + EC/~ = (2 + c0/

√
ω0)ω0, leading to a change

in the ratio of barrier height to half ground state en-
ergy, η̃ = (2 + c0/

√
ω0)η. The change in barrier height

is therefore dependent on the initial ground state fre-
quency. Typical parameters for GaAs quantum dots are
m∗ = 0.067me, εr = 12.9, and ~ω0 = 3 meV [27], giv-
ing c0 = 5.11 × 106 Hz

1
2 and c = c0/

√
ω0 = 2.39, hence

ω̃0 ≈ 4.39ω0 and η̃ ≈ 4.39η. Thus, the energetic cost of
charging is EC ≈ 10 meV.

The parameter regime is such that the onsite interac-
tion is approximately U ≈ 20Γ and since U ≈ U0 = cω0,
we find ~U ≈ 7.2 meV and ~Γ ≈ 360 µeV, which are both
plausible experimental values [20, 24].

By enforcing U = 20Γ, numerically we find η = 1.86
gives the correct ratio of onsite interaction and tunnel
coupling, and therefore η̃ = 8.17. The new tunnel cou-
pling is Γ̃ ≈ 0.0039Γ. Thereby effectively freezing the
electron hopping as the tunnelling of a single electron
would take approximately 250 times as long. If we de-
fine freezing the interactions as approximately reducing
the tunnel coupling to 1% of having the interactions un-
frozen, we would only require an increase of the confine-
ment energy of approximately 0.83EC , see Fig. 5.

��� ��� ��� ��� ���

����

����

����

����

����

����

����

����

FIG. 5. The ratio of the frozen and unfrozen tunnel couplings
against the energy applied, ∆E, to increase the confinement
potential (the energy is given in units of the charging energy
EC). The purple dashed line shows that 1% of unfrozen tunnel
coupling is achieved for ∆E = 0.83EC , and the red dashed
line shows that 0.4% of unfrozen tunnel coupling for ∆E =
EC .

The preceding applies in the case that there are two
electrons. When there is only one electron the charg-

ing energy is significantly less, as we take c → 0, giv-
ing E(1)

C = ~ω0, ω̃0 = 2ω0, and η̃ = 2η. Assuming the
same tunnelling strength of ~Γ = 360 µeV again leads to
η = 1.86 and therefore the new tunnelling is Γ̃ ≈ 0.22Γ,
which is much greater than our definition of freezing the
tunnelling. In fact, in order to reach the equivalent re-
duction in tunnelling as in the two-electron case, we must
increase the confinement by about 4.5EC ≈ 13.5 meV.
Additional energy is required because with only one elec-
tron the confinement potentials are less giving a lower
central barrier due to the constant distance between the
dots—see Fig. 4.

B. Shuttling

Shuttling is a proposal for transporting electrons in
semiconductor devices for scalable quantum computa-
tion [14]. An early proposal involves the electron being
shuttled by a surface acoustic wave [28]. Subsequent pro-
posals have generally used arrays of quantum dots with
tunable metal barrier gates to lower and raise the tun-
nelling rate between neighbouring dots, inducing a trans-
fer of the electron through the dots sequentially [1, 29–
33].

For a fair comparison of the energetics, we assume the
quantum dots and spacing between them for shuttling
are the same as our state transfer protocol. The ener-
getic cost of shuttling can therefore be considered the
sequential loading and unloading of the quantum dots to
coherently move the electrons along the chain. Although
in practice this may be achieved with a separate barrier
potential and raising and lowering the chemical poten-
tial of the quantum dots, in the best case, this would
be energetically equivalent to freezing and unfreezing the
tunnelling between adjacent quantum dots. The ener-
getic cost of shuttling is therefore at least E(2)

shuttling =
2ECN ≈ 20N meV for the two-electron encoding, and
E

(1)
shuttling = ECN ≈ 13.5N meV for the single-electron

encoding.

C. Perfect state transfer scheme

The full energetic cost of our scheme includes freezing
and unfreezing interactions, but also the cost of applying
the local potential ε2 for separation and recombination
of the electrons (see Fig. 3, steps 1 and 4). The local po-
tentials applied are δ � Γ, thus as a worst case estimate
would change the ground state energies of the electrons
by Eδ ≈ ~δ. The total energetic cost of our protocol for
two-electron encoding is therefore E(2)

PST = 4EC + 2Eδ,
independent of the length of the quantum dot chain N
(more accurately, N + 2 due to the additional quantum
dot required at each end of the chain). In the worst case,
δ = 40Γ and therefore E(2)

PST ≈ 108 meV for the two-
electron logical qubit encoding.
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A single electron logical qubit encoding would only re-
quire the energetic cost of a single step 2 or 3 from Fig. 3.
Therefore, we find an energetic cost of E(1)

PST ≈ 54 meV,
half that of the two-electron logical encoding.

������

� �� �� �� �� ���

�

���

����

����
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FIG. 6. Comparison of the theoretical energetic costs for the
protocol with perfect state transfer (PST) and the shuttling
method for logical information with both one and two electron
encodings.

D. Lower bound for classical wire

A lower bound for an interconnect in a CPU can be es-
timated by the energy required to charge the metal wire,
CV 2, where we treat the wire as a capacitor with capaci-
tance C ∼ ε0L, with vacuum permittivity ε0 and L is the
length of the wire. The minimal distinguishable voltage
is V ∼ kBT/e [13], where kB is the Boltzmann constant
and T is temperature, which we assume to be room tem-
perature because in the cold regime of the quantum dots,
we would have to consider the quantum effects of the
wire. In the cold regime, we have investigated shuttling
instead. The size of quantum dots with 3 meV is approx-
imately 100 nm [27]. Hence, we find the lower bound of
Eclassical > 3.7N meV, where N is the equivalent num-
ber of 100 nm quantum dots for the interconnect. This
bound is of course very conservative and in reality far
more energy is required in current CPUs, as discussed
in the introduction. However, it is already of the same
order as quantum coherent buses and, crucially, it scales
with N , thus showing the advantage of the perfect state
transfer protocol.

VI. NOISE

We have established this advantage in the case that
there is no noise. There are several sources of noise
for quantum dot qubits. The most significant are nu-
clear spin noise and charge noise [34, 35]. For tun-
nelling electrons, another noise contribution is electron-
phonon scattering [36–38]. These noise sources particu-
larly contribute dephasing noise, and lead to relatively
short T2 times compared to their relaxation times, T1.
The coherence times depend on the qubit encoding, with
charge qubits having coherence times of T1 = 30 ns

and T2 = 7 ns [39]. For classical information as a low-
dissipation classical bus, the dephasing noise is only cru-
cial to maintain coherence for the perfect state trans-
fer part of the protocol. Given a maximum tunnelling
rate of ~Γ = 360 µeV, we find that the time for perfect
state transfer, T = (π/2)(~/360µeV)N ≈ 3N ps—see
Section III. A chain of even 300 ions would still be sig-
nificantly below the dephasing time of the charge qubits.
However, the rate of voltage change required to freeze
and unfreeze the chain would therefore be on the order
of ∼ ps, which is very fast [40]. Reducing the tunnel cou-
pling, and therefore the transfer time, is straightforward
by increasing the confinement or increasing the distance
between sites. The main source of error would actually be
the inability to tune the tunnelling couplings accurately
enough for perfect state transfer. The protocol could be
applied sequentially, building up perfect state transfer
chains such that the distances for each are significantly
shorter than the noise that arises from mismatched tun-
nelling rates. The energetic cost would now be dependent
on N , but with a very low prefactor. Even with perfect
state transfer chains of only 10 quantum dots would pro-
vide an energetic advantage over shuttling. In the case
of classical computing, we can disregard the phase infor-
mation after each perfect state transfer step.

Electrons can be confined in GaAs quantum dots for
long times, on the order of seconds [41]. Hence classical
bit flip errors are unlikely over the full length of the data
bus. Repetition codes can be used to improve the fidelity
of bit transmission. The protocol can be performed m
times and a majority vote of the outcomes can be used
to determine the state.

VII. DISCUSSION

This work considers the energetic cost of state transfer
protocols in quantum dot arrays. There are two clear
and separate applications for these results. Firstly, to
inform the design of quantum dot arrays for quantum
computing—in particular, to minimise the on-chip dissi-
pation (heat generation) which imposes demands on the
cooling power of the refrigeration—and secondly, as a
proposal for the limits of what is possible for energy-
efficient data buses for classical information on semicon-
ductor chips.

The perfect state transfer protocols proposed give a
theoretical energetic advantage to the current proposals
of shuttling electrons. Recent work [14] on scalable quan-
tum computing architectures in quantum dots considered
the important issue of power consumption due to the
control of a large number of quantum dots and the ca-
pacity to cool these devices. Low-dissipation data buses
for transferring coherent quantum information would go
some way to relaxing this constraint.

Quantum dots and ion-trap chains have both recently
been investigated as platforms for a potential energetic
advantage in performing classical computations by us-
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ing qubits and the coherent evolution of quantum sys-
tems [12, 42]. Here, we consider the interconnects, an-
other important and energetically costly component of
a universal computer. Using the logical encoding of
Ref. [12] for semiconductor quantum dots, we find that
perfect state transfer offers a significant energetic scaling
advantage compared to a classical data bus. The transfer
of information via coherent quantum dynamics for clas-
sical data can also reduce a source of energetic overhead

for using reversible quantum devices for classical com-
putation. Without coherent quantum interconnects, the
amount of data loading and unloading from classical in-
formation could be prohibitively expensive. On the other
hand, if a reasonably-sized computational unit, such as
an arithmetic-logic unit (ALU), could be implemented
with reversible quantum dynamics and quantum coher-
ent data buses, an energetic advantage becomes more
attainable.
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