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Abstract

®

CrossMark

We introduce a Hamiltonian for fermions on a lattice and prove a theorem regarding its
topological properties. We identify the topological criterion as a Z,-topological invariant p(k)
(the Pfaffian polynomial). The topological invariant is not only the first Chern number, but
also the sign of the Pfaffian polynomial coming from a notion of duality. Such Hamiltonian
can describe non-trivial Chern insulators, single band superconductors or multiorbital
superconductors. The topological features of these families are completely determined as a
consequence of our theorem. Some specific model examples are explicitly worked out, with

the computation of different possible topological invariants.
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1. Introduction

The topological properties of fermionic systems have been
the focus of intensive research since Haldane’s seminal work
on the anomalous Hall insulator in the honeycomb lattice and
its extension to time-reversal invariant (TRI) systems [1, 2].
A topological system has a bulk gap characterized by a topolog-
ical invariant. The bulk-boundary correspondence then estab-
lishes that edge states exist at the boundary between regions
with different topological indices. The topological systems of
interest include both insulators [3] and superconductors [4, 5].

For topological superconductors, the emergence of zero
energy excitations which are their own antiparticles, or Majorana
fermions (MFs), has long been predicted [6]. Early theoretical
models of two-dimensional topological superconductivity con-
sider p + ip pairing in an otherwise trivial band. Non-abelian
MF’s were shown to arise at vortex cores in a model of spinfull
fermions with spin triplet p + ip pairing and where the two spin
components effectively decouple [7]. The pursuit for Majorana
fermions as emergent quasi-particle excitations in condensed
matter systems is very exciting not only from the theoretical
point of view but also because it provides a path to realize fault-
tolerant topological quantum computation [4, 5, 8].
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Physical realizations of topological materials include real
materials, such as the three-dimensional topological super-
conductor Cu,Bi,Se;. A relevant example of a multiband
superconductor believed to have p + ip symmetry is Sr,RuOy4
[9, 10]. The possibility of engineering topological supercon-
ductors using proximity coupling of the surface of a three-
dimensional topological insulator (TI) or a two-dimensional
semiconductor in proximity to a s-wave superconductor was
discussed [11, 12]. Other possibilities include time-periodic
driving by laser fields [13—15], optical lattices [16] and pho-
tonic crystals [17].

One important research line has been the search for band
models displaying non-trivial topology [18-22]. We note that
single band models with p + ip (or other) type of pairing are a
theoretical simplification, as topological materials are neces-
sarily multiorbital. Some theorems on the topological indices
to be expected for various superconductor models have
recently been established. Symmetries, such as lattice inver-
sion symmetry or time-reversal invariance play an important
role. In many cases, the topology of the Fermi surface (FS) is
itself important [23]. For instance, under the assumption of
lattice inversion symmetry, TRI and odd parity pairing, three-
dimensional superconductors are topological if they possess

© 2015 IOP Publishing Ltd  Printed in the UK
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an odd number of Fermi surface pockets [24, 25]. A theorem
relating the topological indices of a superconductor to the FS
topology has been established by Sato [26] for the case where
the normal bands have inversion symmetry and pairing has
odd parity. In the case of time-reversal invariant single band
spin triplet superconductors, the topological indices were
also shown to be related to FS topology [27]. Models of two-
dimensional superconductors with a pseudospin degree of
freedom have been proposed recently, concentrating on the
case of nodeless odd parity pairing in TRI superconductors.
In this case non-trivial topology requires spin-orbit couplings
non-diagonal in the pseudospin channel [28, 29].

The paper is structured as follows. In section 2, we intro-
duce a Hamiltonian for fermions on a lattice (see equation (1)
below) and prove a theorem on its topological properties.
In section 3, we discuss several classes of physical systems
which can be described by this Hamiltonian, providing some
specific model examples illustrating the results. In section 4,
we provide a summary and conclusions, including a brief dis-
cussion regarding the consequences of bulk-boundary corre-
spondence principle in the physical systems described by our
model Hamiltonian.

2. Theorem

We want to study a class of Hamiltonians, described by smooth
families of Hermitian matrices parametrized by some smooth
manifold M, {H(p): p € M}, which are non-singular, i.e.
det H(p) =0 for all p € M. This is physically equivalent to a
gap condition between occupied and unoccupied bands. Since
we are interested in the topological nature of these bands,
it is natural to introduce an equivalence relation between
Hamiltonians which basically identifies Hamiltonians which
can be smoothly deformed into each other without closing
the gap, while preserving the notion of occupied and unoc-
cupied bands. Equivalently, two Hamiltonians are equivalent
if they can be smoothly deformed into each other without
violating the condition det H = 0 and preserving the collec-
tions of eigenspaces (more precisely, these collections are
families of eigenspaces parametrized by the manifold M)
with positive eigenvalues and negative eigenvalues (with
the convention that occupied states have negative energy
and unoccupied states have positive energy). One operation
which is quite natural, then, is to flatten the spectrum of a
given Hamiltonian. In the simplest case, if €, ..., ¢, are the
eigenvalues of a given Hermitian n X n matrix H (the trivial
family), we can, if det H = 0, smoothly deform the matrix H
into a new matrix H which has eigenvalues %1 just by taking
&) =0 —-De+tellel, 0<t<1l, i=1,..,n. It is clear
that H = H(0) and H = H(1) are equivalent under the equiva-
lence relation described before. This operation will be useful
later on.

We consider that our physical system enjoys translation
invariance so that momentum k is a good quantum number.
Then, the class of Hamiltonians we are interested in is described
by smooth families of 4 x 4 Hermitian matrices parametrized
by the set of all possible momenta k. The latter is the Brillouin

zone which is naturally identified with a two-torus T2, which
is a two-dimensional smooth manifold. In the notation of the
beginning of this section, an arbitrary Hamiltonian in our
class is described by the smooth family {H(k) : k € T?}. For
an arbitrary momentum Kk, the Hamiltonian H(K) is a matrix
of the form

H&%:(mm-T iD*(k)7 0

—iDK)m, —(h(k)- 7))’
where 7= (7, 71, 7, 73) 1s a vector of Pauli matrices with the
convention that 7y denotes the two-dimensional identity matrix,
h = (hg, h1, hy, h3) is a vector in four-space and D = Dy + 1D,
is complex. The notation / - T denotes the sum Zi:o hy,7,. The
nature of these matrices is more naturally understood once we

introduce the vectors i = (hy, hy, h3) and = (D1, D, hy), both
in three-space. The Hamiltonian can then be written as

HKk) =h(k)-S+h'Kk)-T, 2)

where S = (81, 8,,83) and T= (1, I, Tz) are both arrays of
matrices, i - S = Y3 S;and ' - T = Y3 T, Explicitly,

_(n O _[(n O (= O
0 in 0 n (1 0)
T = , = = :
: (—172 0) g (Tz 0) o -1

These matrices are Hermitian generators of a su(2) & su(2)
Lie algebra,

[Si, §;1 = 2igSe, [T, T;1 = 2iep T, [Si, 151 =0,  (4)

3)

where g is the Levi—Civita totally anti-symmetric symbol
(note that the above commutation relations are the same as
those of the Pauli matrices oy, 0,2, 03 associated with spin-%).
Additionally, we have Clifford algebra relations,

where I denotes the 4 x 4 identity matrix. The Lie algebra
su(2) & su(2) is isomorphic to the Lie algebra so(4) of anti-
symmetric 4 X 4 matrices. In fact, there exists a matrix S, such
that for any Hermitian generator H = h-S+h'-T, with
h,h' € R3, of the su(2) @ su(2) Lie algebra, the following
relation holds,

H = iSTAS, for some A € so(4).

The matrix S has the form,

R YA
S"z(—u u)

and this linear transformation can be interpreted as changing
the basis of fermion operators to a basis of Majorana fermion
operators. There is a natural linear transformation of duality
in the Lie algebra so(4) and this operation identifies self-dual
and anti-self-dual generators which then provide the split-
ting s0(4) = s0(3) ®s0(3) = su(2) dsu(2). Explicitly, if
A = [a;li<ij<s € 50(4), the duality operation acts as follows
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4
*ag— — Y Eaak, 1 =1,..,4,
k=1

where g, is the four-dimensional Levi-Civita completely
anti-symmetric symbol. This duality operation can be seen
as the Hodge-Star dual acting on A’R?, the space of anti-
symmetric bi-linear forms, which is isomorphic, as a real
vector space, to s0(4). It is not hard to see that #* = I, the iden-
tity linear transformation. From this, it follows that there are
only two possible eigenvalues: 1. The generators S are self-
dual, meaning that the operation of duality acts by multiplica-
tion by +1, while the generators 7 are anti-self-dual, meaning
that the duality operation acts by multiplication by —1. The
Lie group SO(4) acts by conjugation on its Lie algebra and the
orbits are completely determined by two SO(4)-invariant poly-
nomials: the Pfaffian of the matrix and its norm. The orbits can
be either diffeomorphic to the two-sphere, S2, or to the carte-
sian product of two two-spheres, S x $2. Via the Hamiltonian
equivalence introduced before, there are only two inequivalent
classes of orbits. One with positive Pfaffian and the other with
negative Pfaffian. One can choose a representative of each of
these classes to be a two-sphere S%. Determining the topo-
logical properties of a smooth family {H(K) : k € T?} will be
equivalent to studying an induced map, ® : T?> — S? (which
is well-defined up to smooth homotopy, i.e. smooth defor-
mation), to one of these orbits. In particular, the first Chern
number will just be the degree, or winding number, of this
map.

The relevant quantity to be studied is the sign of the polynomial
) = [A )P = [A' )P = (|A )|~ 2" &) (|| +[ A ®)]) .
which is naturally associated with the Pfaffian polynomial in
a representation of H(K) by a skew-symmetric matrix in so(4)
(namely iH (k) can be recast as a skew-symmetric matrix by
a similarity transformation). The polynomial p(k) is simply
a square root of the determinant of H(Kk). By the condition
det H(k) = 0, p(k) has always the same sign and, thus, we can
not deform a Hamiltonian with positive p(k) to a Hamiltonian
with negative p(k). On the other hand, we can deform a
Hamiltonian with arbitrary positive (negative) p(K) so that
pk) =1 (p(k)=—1D. If p(k) is positive (negative), then, by
spectrum flattening we can reduce it to an (anti-)self-dual
Hamiltonian. The unitary matrix U(k) which takes H(K) to
diagonal form UT(K)H(k)U (k) = diag(ei(K), ..., e4(k)), which
can be naturally associated with a rotation R(K) in SO(4), can
be written as,

U(K) = exp(ix(k) - §/2) exp(iy (k) - T/2), (©6)

where x(k) and y(k) are three-space vectors. Notice that
because of the algebraic properties of S and T, we have,

exp(ix(h) - §12) = cos( ¥R+ sin((£92) L
X
(M
exp(iy (k) - T/2) = cos(| y(®)|/2)I + i sin(| y (k)| /2))7| (1(()k)|T
y
®)

The matrix U(k) carries all the data of the eigenvectors of
H(Kk), namely its columns are the eigenvectors themselves,
and it is well-defined up to multiplication on the right by
gauge transformation of the form,

g(0,m) = exp(i6S3/2) exp(inTz/2). 9)
If the Hamiltonian is self-dual, then the part of U(k) which
is exponential of anti-self-dual generators acts trivially. If
the Hamiltonian is anti-self-dual, then the part of U(K) cor-
responding to the exponential of self-dual generators acts
trivially. (This is due to the relations [S;, 7T;] = 0). Now,
if p(k) is positive, we can smoothly deform H(K) to a self-
dual Hamiltonian and, similarly, if p(K) is negative, we can
smoothly deform H(K) to an anti-self-dual Hamiltonian.
By the previous argument, the matrix U(k) which brings
H (k) to diagonal form will act independently on self-dual
and anti-self-dual generators, rotating the vectors h and i’
independently, so that they are aligned with the Z-axis. The
same matrix that rotates (ﬁ "in the anti-self-dual case) to
be parallel to the Z-axis will rotate the deformed unit vector

h (k' in the anti-self-dual case) after spectrum flattening. The
reason is because the matrix U(k) is preserved in the spec-
trum flattening deformation and the fact that U(Kk) acts inde-
pendently on S and T generators. Thus we conclude that the
resulting deformed Hamiltonian is H (k) = h(K) - S/|h(K)| in
the self-dual case and H (k) = h'(k) - T/|h'(K)| in the anti-
self-dual case. With this construction, the winding number of
the induced map to the two-sphere given by the unit vector
h(k)/|H(K)| or h'(K)/|h'(k)| yields the first Chern number of
the Bloch bundle (with ‘negative’ energy, i.e. occupied band)
of the Hamiltonian. With this, we have proved the theorem
which we will now state concisely to finish this section.

Theorem If a physical system is modeled by a smooth
family of Hamiltonians H(K), where k denotes momentum
in the Brillouin zone, of the form (1), such that the condition
det H(k) = 0 is satisfied for all momenta, then the following
statements hold:

(i) The polynomial p(k) is either positive or negative
for all k, and H(k) can be smoothly deformed into
Hk) = h(k)-S/|h&)| or HK) = h'(K) - T/|h' k)|, cor-
respondingly;

(ii) The first Chern number of the relevant Bloch bundle
is given by twice the winding number of the map
@, : k — h(k)/|h(K)|if p(k) > 0, or by twice the winding
number of the map @, : k — i'(k)/|h' (k)| if p(k) < 0;

(iii) In the case where H(K) is a Bogoliubov-de Gennes (BdG)
Hamiltonian then one has to account for the doubling of
the degrees of freedom (particles and holes), and thus the
first Chern number of the relevant Bloch bundle does not
have the factor of 2. This means that the first Chern number
of the Bloch bundle is given by the winding number of ®,
if p(k) > 0, or by the winding number of &, if p(k) < 0.
Note that if H(K) is to describe a BdG Hamiltonian, then
all the functions appearing in the matrix H (k) must be
even by particle-hole symmetry.
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We point out that in the hypothesis of our theorem there is
no requirement on inversion symmetry or parity.

The above theorem is an extension of previous models for
practical realization of Majorana modes (see, for instance, sec-
tion III.B of the review by Alicea [5]), which did not identify
the topological criterion found as a Z,-topological invariant
p(K) (the Pfaffian polynomial), as we did. In the above model
(1) the topological invariant describing the system is not only
the first Chern number, but also the sign of the Pfaffian poly-
nomial coming from this notion of duality we have discussed.
In other words, one can not go from a system with positive
p(Kk) to a system with negative p(k) without closing the gap.

3. Applications

We now discuss the physical systems which can be described
by the above Hamiltonian form.

3.1 Topological insulator

We will first show that the family of Hamiltonians H(K) as in
the hypothesis of the theorem cannot describe a non-trivial
topological insulator. Consider first that the matrix (1) is
written in the basis (11111 122)), for fermions on a lattice
with two orbitals per site (labeled by the subscripts 1 and 2).
The time reversal operator reads

T: HK) — (1® 0y) - H (k) - (10 ® 0y), (10)

where the notation o, = 7, is used to emphasize the physical
spin nature of this degree of freedom. The invariance under
time reversal yields the conditions,

H(=K) = —h(K), ho(—Kk) = ho(k) and D(—k) = D*(k).

(1D
The condition on % (k) implies that, at time reversal invariant
(TRI) points, h(K) is identically zero. Since the sign of p(k)
is the same at each point of the Brillouin zone, the family of
Hamiltonians must have p(k) < 0, otherwise the gap condition
would be violated at these points. As such, by point (i) of the
Theorem, the Hamiltonian can be deformed into an anti-self-
dual Hamiltonian of the form H (k) = 4'(k) - T/|h'(k)|. The
reason why we can do this is because the spectrum flattening
operation, which is required to derive point (i), preserves the
time reversal symmetry. This last Hamiltonian can be mapped
into a self-dual Hamiltonian by the replacement of the gen-
erators T +— § and, although this changes the invariant p(K),
as long as one transforms the time-reversal operator accord-
ingly (this implies changing the matrix 7 ® o, appearing in
the action of 7 in a linear fashion by conjugation by a matrix),
the Z,-invariant of the relevant vector bundle (associated to
time reversal symmetry) is preserved. One can then, because
of the form of the self-dual generators and using the relations
of (11), describe the system as two time reversal related copies
of a 2 x 2 Hamiltonian. The map ®, : k — h'(k)/ |ﬁ /(k)\ has
zero winding number because of the condition of time reversal
invariance. It follows then, by point (if) of the Theorem,
that the first Chern number will be always identically zero.

The Z,-invariant for systems which are two copies of time
reversal related systems is precisely the first Chern number
mod 2, which is, therefore, trivial.

The other possibility is to consider that the Hamiltonian (1)
could alternatively be interpreted as being written in the basis

W112a1132))

T: HK) — (0y,® 1) - H(—K) - (0, ® 1), (12)

where again o, = 7 is used to emphasize the spin degree of
freedom. Time reversal invariance then implies,

h(—K) = —h(k) and D(—k) = D(K). (13)

The conditions described above again imply that p(K) must
be negative everywhere and also that the winding number
of @, must be zero. As in the preceding case, the resulting
model can be seen as two copies of time reversal related
2 x 2 Hamiltonians. The Z,-invariant is again trivial. Thus, as
claimed, we have proved that the family H (k) can not describe
a non-trivial topological insulator.

3.2. Chern insulator

The Hamiltonian (1) may describe spinless fermions on a lattice

with four orbitals per site, in the basis (¥, 12, 13, 14). The con-

dition for time-reversal invariance (TRI) reads H(k) = H*(—k),

which implies:

ho,1,3(K) = ho,1,3(—K), ha(k) = —hy(—k) and D(k) = D*(—k).

(14)

A non-zero Chern number requires violation of any of the

conditions (14).

3.8. Single band superconductor

The Hamiltonian form (1) can also be read off as a
Bogoliubov-de Gennes matrix [30] for a single band super-
conductor in the particle-hole basis (z/mple). In this case,
the matrices 7 in equation (1) operate in spin space. The
kinetic energy is A(k) - 7=Z=(k). Under time-reversal, this
kinetic energy transforms into the (2, 2) block of matrix (1),
which must then be read off as —Z7 (—Kk). This requires that
h(k) = h(—Kk). The off-diagonal term id(K)» = Ais a spin
singlet pairing term. Then, fermionic statistics further dictates
that D(k) = D(—Kk). Both mappings ®;, can be nontrivial,
separated by a topological transition.

If the Bogoliubov-de Gennes matrix (1) is interpreted as

written in the Nambu basis (wﬂple — 1/}}) then it is of the form

= —iATz
LA T 2T :
inA —n=En

The pairing term —iAn=1(k) + d(k) - 7 where ¢ and d
denote the amplitudes for singlet and triplet pairing, respec-
tively. By comparing equations (1) and (15) we see that

15)

ho(k) = ho(—K), h(K) = —h(—K), ¢ = d,. = 0 and iD(k) = d,(K).
(16)
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Because of the gap condition, the non-trivial mapping can
only be ®,, in the case where d,(k) is complex, of the type
p + ip pairing.

3.4. Multiband superconductor

We now assume spin T electrons to live on a lattice with two
orbitals per site and have kinetic energy Z4(k) = h(k) - 7
where the Pauli matrices 7 operate in orbital (or pseu-
dospin) space. The spin | electrons have kinetic energy

k) = E}k(fk) = h(—Kk) - 7T. We further take the pairing
matrix of the form A = [W(K) + d(K) - 7] iosim, where the
Pauli matrices o; operate on physical spin. The fermionic sta-
tistics imposes that d is an even function of k, while v is odd.
The Bogoliubov-de Gennes matrix in the particle-hole basis

(110211 Y2 Y] 05 1] ¥ ) takes the form:

h(k) - T 0 (—dy +idy)ir, )+ dy)ir,
0 h(=k)- 17 (= +d)ir, (di+idy)ir,
Hi= @ +idhir, @ —dhin,  —h(—k) 7" 0
—@W* + dDiny, (—di + idy)ir 0 —h(k) - T

a7)
There are two cases in which the matrix H4 decouples into two
independent blocks:

(D) ¥ = d, = 0: then the decoupled matrices have the form
(1) if the function A(k) is even, and D(k) = —d, + id,
describes spin triplet pairing. Since d is an even func-
tion of Kk, this pairing has odd parity under inversion [24]:
7: AKk) > A(~k)7, = —A(k). Both mappings ®;,
can be nontrivial and separated by a topological transi-
tion.

(I) d, = d, = 0: the general case would be a superposition of
singlet (1) and triplet (d,) pairings. The decoupled BdG
matrix has the form (1) if 4, = 0, which implies that the
mapping ®; for the normal system is trivial. A non-trivial
®, mapping can be achieved through spin singlet p + ip,
or triplet s + id pairings, for instance.

3.5. Model examples

In order to illustrate the case (I) above, we may write the
kinetic energy for T-spin electrons with even h(k), where
hoy = —t(cos k, + cos ky) and

hy = ti(cos k, + cosk,),
hy = ti(cos k, — cos k),

h, = nsink,sink,+ 6. (18)

If |2| > | 4] then the first Chern number, which we will denote
by C, is C = £ 2, otherwise C = 0. The term £, breaks TRS
and is responsible for a non-zero Chern number. The terms 7,
and A, break spatial inversion symmetry. The amplitude of /g
must be relatively small so as to have a band gap in the normal
system. For instance, the choice t =0.1, r, = —0.9, 6 = 0.9
yields C = +2.

As for the function D(K) = —d, + id,, we consider odd
parity spin triplet d2_ > + id,y pairing:

D(k) = Ag + Ay(cosk, — cosky) + 1A, sink,sink, (19)

The choice Ay = 0, Ay = 0.1, A; = —0.1, for instance, yields
C=-2.

4. Summary and conclusions

We have introduced a Hamiltonian for fermions on a lat-
tice which can describe several physical systems. A theorem
regarding this type of Hamiltonians was proved which allows
for direct computation of the associated topological invariants.
As a consequence of this theorem, we have shown that this
Hamiltonian form cannot describe a non-trivial topological
insulator. Nevertheless, it can describe non-trivial Chern insu-
lators, single band superconductors and multiband supercon-
ductors. This is an improvement with respect to the usual single
band models which are an over simplification because topo-
logical materials are, in a realistic physical setup, multiorbital.

One can now imagine a physical system as described,
and couple it to the same physical system but with different
topological invariants. By the bulk-boundary correspondence
principle, there will exist edge-states at the boundary which,
in the superconducting cases, will be Majorana fermions.
Physically, this model potentially describes heterojunctions of
topological-insulator/superconductor (TI/Sc heterojunctions).
It can be regarded as an extension of previous suggestions for
practical realization of Majorana modes in TI/Sc heterojunc-
tions [5] which did not identify the physical significance of
the topological criterion found as a Z,-topological invariant
p(k) (the Pfaffian polynomial). The topological invariant
describing the system is not only the first Chern number, but
also the sign of the Pfaffian polynomial coming from this
notion of duality we have discussed. If this behaviour is real-
ized experimentally, then this would allow for potential appli-
cations in topological quantum computation as this could be a
way to control Majorana fermions.
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