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We present a study of Josephson junctions arrays with two-band superconducting elements in the highcapacitance limit. We consider two particular geometries for these arrays: a single rhombus and a rhombi chain
with two-band superconducting elements at the spinal positions. We show that the rhombus shaped JJ circuit
and the rhombi chain can be mapped onto a triangular JJ circuit and a JJ two-leg ladder, respectively, with
zero effective magnetic flux, but with Josephson couplings that are magnetic flux dependent. If the two-band
superconductors are in a sign-reversed pairing state, one observes transitions to or from chiral phase configurations
in the mapped superconducting arrays when magnetic flux or temperature are varied. The phase diagram for
these chiral configurations is discussed. When half-flux quantum threads each rhombus plaquette, new phase
configurations of the rhombi chain appear that are characterized by the doubling of the periodicity of the energy
density along the chain, with every other two-band superconductor locked in a sign-reversed state. In the case of
identical Josephson couplings, the energy of these phase configurations becomes independent of the inner flux
in the rhombi chain and the supercurrent along the rhombi chain is zero.
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I. INTRODUCTION

Frustrated Josephson junction (JJ) arrays have been extensively studied in the last decades [1–8]. These studies have
been to a large extent motivated by the close analogy with
frustrated classical spin systems [9–11] and more recently
by the possible relevance of these systems to quantum
computation [5,6,12]. This analogy requires the conditions
of low temperature and symmetric JJs, both in experimental and theoretical studies. Such conditions imply that the
superconducting phases are the only variables required to
describe the superconducting system. If the Josephson current
is studied as a function of temperature, the variation of the
magnitudes of the superconducting order parameters has to
be taken into account, particularly when asymmetric junctions
are present or if, as in the case of the present paper, two-band
superconducting elements are introduced in the JJ array.
In the case of a JJ array with two-band superconducting
elements, besides the usual Josephson tunnelings, one must
consider the interband tunnelings [13,14], which effectively
modify the geometry of the JJ array. In fact, a multiband
superconductor can be regarded as a simple realization of
a short JJ array. The interband pairings are equivalent to
Josephson tunnelings and, for example, a three-band superconductor is analogous to a triangular circuit of asymmetric
JJs [15–18]. Frustration in this case occurs if one or several
interband interactions are repulsive since a repulsive interband
interaction in a multiband superconductor plays a similar role
to that of a π junction in a Josephson junction array [19].
Another superconducting system equivalent to a triangular JJ
array is a single JJ between a two-band superconductor (TBS)
and a single-band s-wave superconductor. In this system, chiral
1098-0121/2014/89(13)/134513(16)

states have also been predicted in the absence of magnetic
flux if the TBS is in a sign-reversed state [13,16]. Such
a sign-reversed two-band scenario, the so-called s± state,
has been recently proposed in the context of the iron-based
superconductors [20].
The JJ rhombi chain of one-band superconductors (OBS)
is one of the most simple geometries where frustration effects
have been studied theoretically and experimentally [4,5,7,8].
It has been shown that in this system, the frustration induced
by a magnetic flux of half-flux quantum per plaquette leads to
the halving of the period of the supercurrent sawtooth profile
obtained with variation of the magnetic flux in the chain. In
this manuscript, we present a study of a rhombus and a rhombi
chain with two-band (one-band) superconducting elements at
the spinal (edge) positions in the high-capacitance limit (see
Figs. 1 and 2). We assume a closed ring geometry for the
rhombi chain [7,21] and magnetic flux threads the ring as well
as each of the rhombi plaquettes (see Fig. 1).
One of the main results of this paper is the mapping of the
rhombus and the rhombi chain onto a triangular JJ circuit and
a JJ two-leg ladder, respectively, with zero effective magnetic
flux in each plaquette, but with Josephson couplings that are
magnetic flux dependent. If the TBSs are in a sign-reversed
pairing state, transitions are observed between chiral and
nonchiral states in the effective JJ arrays induced by magnetic
field. We show that the existence of a chiral state in the
effective JJ arrays depends on the relative signs of the interband
couplings and Josephson tunneling constants, on their absolute
values and on the value of magnetic flux, and the respective
phase diagram is constructed.
A second important result is that, as the magnetic flux
approaches half-flux quantum per rhombus plaquette, one
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II. SYMMETRIC RHOMBI CHAIN OF ONE-BAND
SUPERCONDUCTORS

FIG. 1. Schematic diagram of a rhombi JJ chain with periodic
boundary conditions, where TBSs at the spinal positions alternate
with OBSs at the edge positions. The crosses indicate JJs, single lines
indicate OBSs, and double lines indicate TBSs. f is the magnetic
flux per plaquette and i is the inner flux in the chain.

observes a halving of the period in the energy-phase plot
as in the case of one-band rhombi chain [5], but with
additional structure due to new phase configurations, which are
characterized by the doubling of the periodicity of the energy
density along the rhombi chain, with every other TBS locked
in a sign-reversed state. If the system is completely symmetric
in what concerns the Josephson couplings, the energy of these
phase configurations becomes independent of the inner flux in
the rhombi chain, and consequently, plateaus are observed in
the energy-phase plots, which become wider as the Josephson
tunneling constants are decreased. The respective supercurrent
along the chain is therefore blocked and the usual sawtoothlike
supercurrent-phase plot of the rhombi chain is intercalated with
zero current regions. This current blocking is due to the locking
of every other TBS in a sign-reversed state, which effectively
divide the chain into decoupled regions (which are two rhombi
long).
The remaining part of this paper is organized in the
following way. The behavior of the rhombi chain of JJs
between OBSs is reviewed in Sec. II. A new perspective
for the known results is presented. In Sec. III, we study in
detail the phase diagram of a single rhombus with two-band
superconducting elements at the spinal positions. The JJ
rhombi chain with TBSs is discussed in Sec. IV. Finally, in
Sec. V, we draw the conclusions of this work. In Appendix A,
we describe JJ arrays in the high-capacitance limit and the
modifications to the Hamiltonian if two-band superconducting
elements are introduced in the array. The mapping onto a oneparticle tight-binding model is also discussed. The temperature
dependence of the Josephson as well as the interband couplings
is presented in Appendix B.

FIG. 2. (Color online) The rhombi chain displayed in Fig. 1 can
be considered as equivalent to a JJ two-leg ladder of one-band
superconductors with diagonal tunnellings, if one interprets the two
bands of the two-band superconductors as two sites of the JJ ladder.
In this figure, the dots indicate the superconducting elements, the
two-band superconductors are shown as blue dashed boxes (one dot
per band) and the segments indicate the Josephson tunnellings.

The JJ rhombi chain of OBSs in the high-capacitance limit
has been studied in detail in Refs. [4,5,8,22]. One of the
most distinct properties of the rhombi chain is the halving
of the period of the supercurrent sawtoothlike profile which
occurs when magnetic flux approaches half-flux quantum
per rhombus plaquette. This halving is due to two factors:
(i) the frustration induced by the magnetic flux threading each
rhombus plaquette and (ii) the periodic boundary conditions.
Below, we explain this behavior, mapping the rhombi chain
onto a linear JJ chain, with Josephson couplings, which depend
on the magnetic flux. We first address a linear JJ chain in order
to better explain the origin of the peculiarities of the rhombi
chain under magnetic flux.
A. Linear chain

The Hamiltonian of a linear JJ chain in the high-capacitance
limit is given by (see Appendix A)

H =−
J cos(φi − φi+1 − Ai,i+1 ).
(1)
i

If open boundary conditions are assumed (for instance,
removing one JJ from a ring of JJs), the energy of each JJ can be
minimized independently, that is, the argument of all cosines
can be simultaneously zero, φi − φi+1 − Ai,i+1 = 0, ∀i, and
the minimum energy is −NJ J , where NJ is the number of JJs.
If periodic boundary conditions are assumed (a ring of JJs),
one could still try a similar approach, that is, one could impose
that the argument of all cosines are zero except for the JJ,
which was added to the previous JJ chain with open boundary,
φi − φi+1 − Ai,i+1 = 0 for i = 1, . . . ,N − 1. This implies

that φN − φ1 − AN,1 = −2πf where N
i=1 Ai,i+1 = 2πf =
2π i /0 and therefore the respective Josephson energy
becomes
EJ = −(N − 1)J − J cos(i ),

(2)

where the magnetic flux i (and all fluxes in the remaining part
of this paper) is written in units of 0 /2π , that is, i = 2π
corresponds to the magnetic flux quantum. However, this is not
the energy absolute minimum of the JJ ring. This can be shown
by mapping the JJ ring into a tight-binding Hamiltonian. The
mapping is constructed using the fact that if one considers
the two-site tight-binding Hamiltonian H = −te−iA12 |21| −
teiA12 |12| and the state |ψ = eiφ1 |1 + eiφ2 |2, then one
has ψ|H |ψ = −2t cos(φ2 − φ1 + A12 ). Thus the energy of
the JJ ring is equivalent to the expectation value of the
tight-binding Hamiltonian of a linear chain with periodic

iφj
boundary conditions in the state |ψ = N
|j . The
j =1 e
eigenstates of the 1D tight-binding Hamiltonian are Bloch

ikj
states |k = √1N N
j =1 e |j  where k = n · 2π/N , with n =
0,1, . . . ,N − 1 and where we have assumed the gauge such
that Ai,i+1 = 2πf/N, such that the tight-binding Hamiltonian
is translationally invariant. The respective eigenvalues are
k = −2t cos(k − 2πf/N), independently of the gauge. The
state |ψ can
basis {|k} so
be decomposed in the momentum

that |ψ = k ak |k and ψ|H |ψ = k √
|ak |2 k . In the case
of the JJ ring, the correspondence |ψ = N |k is possible,
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√

iφj
because N |k is a state of the form N
|j . Therefore
j =1 e
the minimum
energy
of
the
JJ
chain
is
achieved
selecting
√
the |ψ = N |kmin  state with the minimum energy which is
kmin = 0 for i = 0 and kmin = −Int((i + π )/2π ) · 2π/N ,
for i = 0. The respective energy is
EJ = −N J cos(kmin + i /N),

(3)

which has a paraboliclike profile as a function of i with
period 2π . This energy is lower than the one in Eq. (2), but
one should note that NJ − 1 junctions have a higher energy
in this Bloch state, and it is the link that accumulates all the
magnetic phase at the boundary [with energy −J cos(i )] that
raises the total energy above the Bloch state energy. In the next
section, we will show that in the case of the rhombi chain, the
magnetic phase can be accumulated in a single rhombus with
low energy cost, and this is why the halving of the periodicity
of the supercurrent occurs.
B. Rhombi chain

The Hamiltonian of a rhombi chain of JJs of OBSs in the
high-capacitance limit is given by
H =−




J cos φis − φit − Ast
i
i



+ J cos φis − φib − Asb
i


t
+ J cos φis − φi−1
+ Ast
i−1


b
+ Asb
+ J cos φis − φi−1
i−1 ,
φis ,

φit ,

a rhombus, f ,
 o + i
= (a + b)Nr ,
2
 o − i
= 2a − 2b = 2πf.
f =
Nr
1 =

In the case of the rhombi chain, the minimization can be
performed in two steps: (i) minimization with respect to the
edge phases for each rhombus with fixed spinal phases and
(ii) minimization with respect to the spinal phases. Since the
energy of one rhombus is





Er = −J cos φ1s − φ1t − a + cos φ1t − φ2s − a




+ cos φ1s − φ1b − b + cos φ1b − φ2s − b , (5)
the minimization of Er with respect to the edge phases φ1t and
φ1b (given the spinal phases φ1s and φ2s ) leads to





φ
tan φ1t − φ1s = tan φ1b − φ1s = tan
,
(6)
2
where φ = φ2s − φ1s . Therefore the minimum energy of one
rhombus is given by


φ
φ
E
− 2 cos b +
,
(7)
= −2 cos a +
J
2
2
which can be rewritten as



˜
E = −2Jδ cos
δ

(4)

φib

where
are the phases at the spinal, top edge
and bottom edge positions, respectively, and the index i
indicates the unit cell of the rhombi chain. The associated
Peierls phases Anm
follow the same notation. The intraband
i
energy contribution should be added to this Hamiltonian. This
contribution determines the temperature dependence of the
gap functions and consequently, of the Josephson couplings.
This temperature can be introduced directly in the Josephson
couplings of the previous Hamiltonian, using Eq. (B4). In this
section, we assume a fixed temperature and ignore the constant
intraband energy contribution. We also choose an uniform
ts
sb
bs
gauge such that Ast
i = a, Ai = a, Ai = b and Ai = b, and
therefore we have considered different phase shifts for the
upper and lower parts of the rhombus, so that the normalized
magnetic flux within the rhombus is 2a − 2b. These phases
are related with the phases acquired following the outer edge
of the rhombi chain, o , and following the inner edge, i (see
Fig. 1 of Ref. [21]), so that

+δ
2

,

(8)

where  is the gauge invariant phase difference between the
spinal nodes of the rhombus,

1
 =
+ φ ,
(9)
Nr
with renormalized Josephson couplings

f
δ
J˜δ = 2J cos
−
4
2

(10)

and where δ is 0 or π , corresponding to solutions A and B
in Fig. 3, respectively, whichever gives the minimum energy.
These solutions reflect two possible chiral states in the rhombus
for the given value of φ. The previous energy can be
interpreted as the one resulting from two linear JJs with
the phase difference being equally distributed between the
two junctions with an effective Josephson coupling J˜. For
small 1 /2Nr , φ and f , one has δ = 0 since this choice
minimizes the phase in the cosine in Eq. (8) and maximizes

o = 2aNr ,
i = 2bNr ,
where Nr is the number of rhombi. Note that the magnetic
fluxes are written in units of 0 /(2π ) so that they are
numerically equal to the total Peierls phases in these closed
paths. These global phases determine the average magnetic
phase within the rhombi chain, 1 , and the total phase within

FIG. 3. (Color online) Superconducting phases in a rhombus
circuit of OBSs given a 2φ phase difference between spinal positions.
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FIG. 4. (Color online) (a) Evolution of the normalized energy E/Emax = (E − Emin )/(Emax − Emin ) of the symmetric JJ rhombi array
(with six rhombi) of OBSs as a function of magnetic flux 1 for several values of the frustrating magnetic field f . (b) Example of supercurrent
distribution in the rhombi chain for f = 0.97π and 1 = π . (c) Energies Eiδ for f = f /(2π ) = 0.482 and J = 1 in the case of a chain with
four rhombi. (d) Amplitude of the energy oscillations as φf is varied (Emax − Emin on the left axis), and minimum value of the energy (Emin on
the right axis) for the chain of six rhombi.

√
J˜. For f ≈ π , J˜ ≈ 2J / 2 for both possibilities, and the
choice is dictated by the values of 1 /2Nr and φ.
One may now discuss the behavior of the rhombi chain as
we did for the linear chain. Assuming 1 = π and f ≈ π ,
the same comparison can be carried out between the Bloch
state energy
E1δ (1 ) = −2Nr J˜δ cos[kmin + 1 /(2Nr ) − δ/2],

(11)

with δ = 0 or π , where kmin = 0 for 1 = 0 and kmin =
−Int[(1 + π )/2π ]π/Nr , for 1 = 0, and the energy of the
configuration where all the magnetic phase is accumulated at
the boundary rhombus

π +δ
.
E2δ (1 = π ) = −2(Nr − 1)J˜δ=0 − 2J˜δ cos
2
(12)
Since J˜0 = J˜π for f = π , the energy minimum is obtained
setting δ = π in the last term since that maximizes the absolute
value of the cosine (in contrast to the linear chain result of
the previous subsection) and therefore the energy becomes
−2Nr J˜0 , which is also the energy of the rhombi chain when
1 = 0 (this reflects the halving of the periodicity of the
energy as a function of 1 from 2π to π ). This different
choice of δ in one of the rhombi translates into a current
flowing in the opposite direction to that of the other rhombi
[see Fig. 4(b)]. Here, we have assumed that all the rhombi

have δ = 0 except one which has δ = π , but one should also
consider the configuration where all the rhombi have δ = π
except one which has δ = 0.
For general , the ground-state energy is the minimum
between E1δ (with δ = 0 or π ) and the two energies associated
with an inversion of the current in one rhombus,


δ
˜
˜
,
(13)
E2 (1 ) = −2[(Nr − 1)Jδ + Jδ̄ ] cos
2Nr
where δ = 0 and δ̄ = π or δ = π and δ̄ = 0, and  is a
periodic function of the flux 1 :  = 1 (mod 2π ) − π .
In Fig. 4(a), we show plots of the normalized energy
E/Emax = (E − Emin )/(Emax − Emin ) of the symmetric
JJ rhombi array (with six rhombi) of OBSs as a function of
magnetic flux 1 , for several values of the frustrating magnetic
flux f close to half-flux quantum. The halving of the
periodicity from 2π to π is observed and as explained above,
it is due to the relative lowering of the energies E1π and E2π
in relation to E10 and E20 . The relative positions of the energy
curves are shown in Fig. 4(c) for f = f /(2π ) = 0.482 and
J = 1 in the case of a chain with four rhombi. In Fig. 4(d), we
show the amplitude of the energy oscilations as f is varied
(Emax − Emin on the left axis), and the minimum value of the
energy (Emin on the right axis) for the chain of six rhombi. The
sharp reduction of the amplitude near f = π occurs because
the energies E1π and E2π become lower than E10 and E20 in some
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magnetic flux intervals [see Fig. 4(c)]. The interval where this
sharp reduction occurs becomes narrower as the number of
rhombi in the chain increases.
A curious feature of the rhombi chain is the dependence of
normalized energy on the parity of the number of rhombi. For
odd Nr , the period of the energy as a function of f is 4π
and not 2π . This reflects the fact that f = 2π and Nr odd in
our choice of gauge implies i = nπ with n odd. This leads
to a shift of π/2Nr (in the dependence of 1 ) of the curves of
Fig. 4(a) when f > π .
The mapping into a linear chain can be generalized to more
complex geometries, more precisely to 1D arrays of JJ clusters
such that only one JJ connects a JJ cluster to the following
one. One simple example is the linear chain plus a single
rhombus, where similar behavior to that of Fig. 4 is observed,
but modified by the fact that translation invariance is absent
and that the previous mapping generates a linear chain with
constant as well flux dependent Josephson couplings.
III. RHOMBUS WITH TWO-BAND SUPERCONDUCTORS

In this section, we study the possible superconducting
states in the rhombus of Fig. 2, with two-band (one-band)
superconducting elements at the spinal (edge) positions. The
rhombus is assumed to be completely symmetric, so that the
superconducting state of the rhombus is determined by the
values of three couplings: the interband coupling J12 and the
Josephson constants J1 and J2 associated with the tunnellings
between the OBSs and each of the bands of the TBSs. We
show below that this JJ circuit can mapped into a triangular JJ
circuit with effective Josephson couplings which again depend
on the magnetic flux threading the rhombus.
In contrast to the case of a rhombus JJ circuit of OBSs,
a chiral superconducting state can occur in the absence of
magnetic field if the two-band superconductor is in a signreversed state or if one or more of the Josephson tunnellings
constants is negative, that is, if a π junction is present. Note
that this may be a partial π junction in the case of tunneling to
TBSs, that is, the Josephson tunneling constant may only be
negative for one of the bands.
The energy of a rhombus with spinal TBSs can be written
as a sum of three terms (see Fig. 5),

The energy of an array of JJs with one-band and TBSs can
also be described by the expression

EJ = EJ1 + EJ2 + E12 ,

E=−



Jij cos(φi − φj − Aij ),

(14)

ij 

where the index i labels the one-band superconducting
elements as well as each of the bands of the TBSs (this
implies that the interband coupling is interpreted as an
additional Josephson coupling). The interband couplings and
the Josephson constants are functions of the superconducting
gaps and in order to find the minimum energy of the JJ
array, one must minimize the sum of the previous energy and
the superconducting condensation energy with respect to the
absolute value of the superconducting gaps as well as with
respect to the superconducting phases (see Appendix A1 for a
more detailed discussion).
In the remaining of this paper, the magnitudes of the gap
functions are determined taking into account the interband
interactions but ignoring the Josephson tunneling between
different superconductors (as usual for weak links). However,
the superconducting phases are determined considering all the
tunneling energy terms (interband tunneling and Josephson
tunneling between different superconductors).

(15)

where EJ1 and EJ2 are the energies terms, which involve only
the first or the second band of the TBSs, respectively, and
which have exactly the same form of Eq. (5) (with b = −a),
EJ1 = −J1 [cos(φ1 − φ2 − a) + cos(φ2 − φ5 − a)
+ cos(φ5 − φ3 − a) + cos(φ3 − φ1 − a)],

(16)

EJ2 = −J2 [cos(φ4 − φ2 − a) + cos(φ2 − φ6 − a)
+ cos(φ6 − φ3 − a) + cos(φ3 − φ4 − a)].

(17)

The interband energy E12 is given by
E12 = −J12 [cos(φ1 − φ4 ) + cos(φ5 − φ6 )]

(18)

and has no flux dependence. The flux threading the rhombus
is given by f = 2πf = 4a.
If the interband coupling is zero and magnetic field is
absent, all the Josephson energies can be simultaneously minimized and no frustration occurs. Two examples of nonchiral
configurations are shown in Fig. 6. The introduction of the
interband coupling may lead to frustration depending on the

FIG. 5. (Color online) The energy of a rhombus with spinal TBSs can be written as a sum of two terms, which involve only the first or the
second band of the TBSs, and a third term with only the interband energy contribution.
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configuration A. Configuration D in Fig. 7 has also the same
energy as configuration C. These energies are given by

FIG. 6. (Color online) Examples of nonchiral superconducting
states in a rhombus JJ circuit with TBSs with zero interband
coupling at the spinal nodes in the absence of magnetic flux.
If the interband coupling is zero, all the Josephson energies can
be simultaneously minimized and no frustration occurs. Here, we
show the respective relative superconducting phase configurations,
mapping the superconducting phases into XY spin angles.

sign of J12 , more precisely, if J12 < 0 (J12 > 0) in the case of
the nonchiral left (right) phase configuration of Fig. 6.
The previous study of one rhombus of OBSs, more precisely
the solution of the minimization of the energy for a given
spinal phase difference in order to φ2 and φ3 allows the
determination of solutions of the equivalent problem for the
rhombus with TBSs. These solutions result from the fact
that the simultaneous minimization of the J1 and J2 energy
terms in order to φ2 and φ3 is possible (the J1 and J2
energy terms in Fig. 5 share only the φ2 and φ3 variables).
These solutions must obey the necessary condition of charge
conservation, and therefore the sum of all currents involving
a given superconducting node must be zero. The total current
flowing through a vertical section of the rectangular circuit of
Fig. 5 must be zero as well. Starting from the condition φ3 = φ2
or φ3 = φ2 + π (see phase configurations for rhombus of
OBSs in Fig. 3), we arrive to phase configurations A and C in
Fig. 7. The remaining variables φ and α are found minimizing
the energy associated with these phase configurations. In the
case of configuration A, inverting the currents in half of the
rhombus circuit, one still satisfies the charge conservation and
this leads to configuration B, which has the same energy as

EA,B = −J˜10 cos(φ) − J˜20 cos(φ − α)
− J˜12 cos(α),

(19)

EC,D = −J˜1π cos(φ + π/2)
− J˜2π cos(φ + π/2 − α) − J˜12 cos(α),

(20)

J˜10 = 4J1 cos a,
J˜20 = 4J2 cos a,
J˜12 = 2J12 ,

(21)

with

J˜1π = 4J1 sin a,
J˜2π = 4J2 sin a.
Energies EA,B and EC,D are invariant under the transformations {φ → −φ,α → −α} and {φ → −φ + π,α → −α},
respectively, which leads to additional configurations with the
same energy as A and B or C and D. These complete the set
of solutions found by numerical minimization of the rhombus
energy. For 0 < f < π , the minimum energy is given by
EA,B . For π < f < 2π , one finds EC,D as the minimum
energy. So, the minimization of the energy of the rhombus has
been reduced to finding the minimum energy of a triangular
JJ circuit in the absence of flux with couplings J˜1δ , J˜2δ , and
J˜12 which depend on magnetic flux and with δ = 0 when
0 < f < π and δ = π when π < f < 2π . This is one of
the main results of this paper.
The previous expressions for the energy can be condensed
in a single expression with an analogous form to Eq. (8),

E δ = −J˜1δ cos



1

2

+δ


− J˜2δ cos



2

+δ

2

− J˜12 cos(α),

(22)

where  i is the gauge invariant phase difference between
the spinal nodes of the rhombus for band i in the case of
solutions A and C (note that 1 = 0),  1 = φ5 − φ1 = 2φ
and  2 = φ6 − φ4 = 2φ − 2α. The couplings expressions
can be equally rewritten as

f
δ
˜
Jiδ = 4Ji cos
−
4
2

FIG. 7. (Color online) Possible phase configurations for the minimum energy state of a rhombus JJ circuit with TBSs at the spinal
nodes in the presence of applied magnetic flux. The arrows exemplify
a possible current configuration. The actual current directions depend
on the values of φ, α, and a. Additional configurations can be obtained
from these applying symmetry transformations.

,

(23)

where δ is 0 or π ,
The triangular JJ circuit in the absence of magnetic flux
has been studied in detail by Dias and Marques [15] in the
context of frustrated three-band superconductivity [16–18].
In this circuit (recall that magnetic flux is absent), frustration
arises if one or three of the Josephson couplings are negative (π
junctions or TBS with repulsive interband interaction), but the
relative magnitudes of the couplings also affect the existence or
absence of a chiral superconducting state. The minimization
conditions of the energy of the triangular JJ circuit lead to
nonfrustrated solutions (φ,α)A,B or (φ + π/2,α)C,D equal to
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(a)

(b)

(c)

(d)

FIG. 8. (Color online) Chiral superconducting behavior can be observed in the absence of magnetic field in the rhombus JJ circuit with
TBSs at the spinal sites. In (a) and (b), the superconducting phases φ and α, respectively, are shown as functions of the couplings ratios (J1 /J12 )
and(J2 /J12 ) for negative J12 . The region of chirality corresponds to finite interband current as shown in (c). In (d), the respective energy of the
rhombus circuit is shown for J12 = −1.

(0,0), (π,0), (0,π ), or (π,π ) and chiral solutions given by
φ = ± cos−1 (γ − ) − δ(f ),

u
cos−1 (γ + ) + δ(f ),
α = φ ± sgn
v

(24)
(25)

where
γ± =

±u2 ∓ v 2 − u2 v 2
,
2uvw ±

(26)

with w + = v, w − = u, and
J˜20
J˜10
, v=
, δ(f ) = 0, if 0 < f < π,
J˜12
J˜12
J˜1π
J˜2π
π
u=
, v=
, δ(f ) = , if π < f < 2π.
2
J˜12
J˜12

u=

(27)

The two possible signs in Eq. (26) reflect the symmetries stated
above. These chiral solutions exist only if |γ ± |  1. However,
we emphasize that these nonchiral solutions of the triangular
JJ circuit in the absence of magnetic flux correspond to chiral
states of the rhombus JJ circuit due to presence of magnetic
field (a = 0), that is, states with finite persistent currents.
In Fig. 8, the phases φ and α are displayed for the
case of zero magnetic flux and TBSs in a sign-reversed
superconducting state (J12 < 0). Regions of chirality (φ = 0
or α = 0) are observed that lead to persistent currents in the
JJ array and in particular to a finite interband current [see
Fig. 8(c)]. The respective energy of the rhombus is shown
in Fig. 8(d). Note that the energy is linear in the couplings
ratios (J1 /J12 ) and (J2 /J12 ) if persistent currents are absent.
Second-order transition curves separate the chirality regions
from the nonchiral ones.
Rather simple solutions are obtained when J1 = J2 =
−J12 = 1. In that case, u = v = −2 cos a for 0 < f < π

134513-7

DIAS, MARQUES, COUTINHO, AND MARTINS

PHYSICAL REVIEW B 89, 134513 (2014)

2.0
P1
1.5

2

P2

P4
Α

P3

1.0

P3
P2

P4
0.5

1

P1
0.0

J2 J12

0.0

0.5

1.0

1.5

2.0

1.5

2.0

f Π

0

(b)

10

1

P1
P2

E

8

P3

6

P4

2
2

1

0

1

4

2

J1 J12

2

(a)
0
0.0

0.5

1.0
f Π

(c)

FIG. 9. (Color online) In (a), the region of chirality of the rhombus JJ circuit in the (J1 /J12 )-(J2 /J12 ) plane in the absence of magnetic flux
is shown in red (dark region), for negative J12 . The boundaries of this region give second-order phase transitions to nonchiral states. As flux is
applied, the region delimited by these transition curves expands up to f = π when it becomes the region delimited by the dashed blue curve.
This transformation is reversed increasing further the magnetic flux and the phase diagram becomes the initial one for f = 2π . In (b) and
(c), the superconducting phase α and the energy as functions of the magnetic flux are shown.

and u = v = −2 sin a for π < f < 2π . This leads to
γ − = γ + = cos(a) and γ − = γ + = sin(a), respectively.
Therefore one of the solutions would be φ = a and α = 2a, for
0 < f < π and φ = −a and α = −2a + π , for π < f <
2π [see Fig. 9(b)]. As before, other solutions can be obtained
by symmetry transformations.
In Fig. 9(a), we show the phase diagram of the rhombus
in the (J1 /J12 )-(J2 /J12 ) plane. In the absence of magnetic
flux, the region of chirality is shown in red (dark region).
Second-order phase transitions to nonchiral superconducting
states occur at the boundaries of this region. If magnetic flux is
applied, finite persistent currents appear in the rhombus circuit
even if the phases φ and α are zero or π . However, in this case
in the mapped triangular JJ circuit, the currents are zero. The
existence of finite magnetic flux threading the rhombus only
renormalizes the JJ couplings of the triangular circuit and a
region of chirality with the same shape is still present in the
phase diagram. This region of chirality in the triangular circuit
reflects the interdependence of the currents in the rhombus
circuit, that is, for φ = 0 or π and α = 0 or π , all currents in
the rhombus are proportional to ± sin(a) or zero and apparently
independent from each other. As magnetic flux is increased,
the chirality region expands and when f = π it becomes the
region delimited by the dashed blue curve. Increasing further

the magnetic flux, the chirality region shrinks and the phase
diagram becomes the initial one when f = 2π .
In Figs. 9(b) and 9(c), the superconducting phase α and the
energy of the rhombus as functions of the magnetic flux are
displayed for the points P1 , P2 , P3 , P4 indicated in Fig. 9(a).
A transition is observed at f = π reflecting the jump from
equal phases at the edge sites to opposite phases.
IV. RHOMBI CHAIN WITH TWO-BAND
SUPERCONDUCTORS

The Hamiltonian of a rhombi chain of Josephson junctions
with TBSs at the spinal positions is given by


 s

H =−
Jn cos φni
− φit − Ast
i
i,
n = 1,2


 s

 s
t
+ cos φni
− φib − Asd
− φi−1
+ Ast
+ cos φni
i
i−1


 s

 s
b
s
cos φ1i
,
− φi−1
+ Asd
− φ2i
+ cos φni
i−1 − J12
i

(28)
where φis , φit , φib

are the phases at the spinal position, at the top
edge position and at the bottom edge position, respectively,
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and the index i indicates the unit cell of the rhombi chain.
follow the same notation.
The associated Peierls phases Anm
i
This energy can interpreted as the energy of two rhombi
chains of OBSs (one for each band) and the energy of a
periodic interband coupling. This division is equivalent to that
performed in the previous section for the case of one rhombus.
The behavior of the rhombi chain with TBSs at the spinal
positions under magnetic field shows surprising features near
full frustration, f = π . Below, we discuss the behavior of
the rhombi chain, addressing first the zero flux case, second,
the case when the rhombus plaquettes are threaded by a finite
magnetic flux f such that −γ π < f < γ π (where γ is a
fraction of one which depends on the number of rhombi in
the chain and on the Josephson couplings, and that goes to
1 as the number of rhombi grows), and finally, the near full
frustration case where γ π < f < (2 − γ )π . The behavior
of the rhombi chain is periodic in f with period 2π .
In the absence of magnetic field threading the plaquettes,
f = 0, the phase configuration associated with the minimum
energy of the rhombi chain can be constructed from the
minimum energy solutions of one rhombus which have been
described in the previous section. However, one must take into
account that the rhombi chain has only one interband coupling
per unit cell while in the case of the rhombus, two interband
couplings contribute to the total energy. Since these two
interband energy terms contribute equally to these solutions
energy, the solutions of the rhombus with a given interband
coupling will allow the construction of the minimum energy
phase configuration of the rhombi chain with twice as large
interband coupling. So we conclude that the phase diagram
shown in Fig. 9 obtained for rhombus describes also the rhombi
chain if the axes are renormalized to 2J1 /J12 and 2J2 /J12 ,
but with a large degeneracy, which results from the possible
combinations of solutions with δ = 0 (solutions A, B and the
respective solutions obtained by the symmetry transformation)
along the rhombi chain. In the absence of magnetic flux,
solutions with δ = π do not appear. The sequence of the
solutions of the rhombus must obviously satisfy the periodic
boundary conditions of the rhombi chain. The repetition of the
B configuration in Fig. 7 will clearly satisfy such condition and
will give us the minimum energy for low flux, but there will
be a large degeneracy resulting from the many possibilities of
sequences of solutions A and B that also satisfy the periodic
boundary conditions.
If each plaquette is threaded by a finite magnetic flux
f such that −γ π < f < γ π , the same reasoning can
be applied and again the evolution with flux of the chiral
region in the phase diagram shown in Fig. 9 applies to the
rhombi chain with the same renormalization of the axes. In
this case, the energy is Nr times the energy of the rhombus
(with J12 → J12 /2 to account for only one interband coupling
per plaquette),

E δ = −2Nr J˜1δ cos






− 2Nr J˜2δ cos
− Nr J˜12 cos(α),

1

+δ

2
2

+δ

2
(29)

where 

i

and J˜iδ are given by

1
+ 2φ ,
 1=
Nr

1
 2=
+ 2φ − 2α ,
Nr

f
δ
˜
.
−
Jiδ = 2Ji cos
4
2

(30)

and where δ is 0 or π , whichever gives the minimum energy.
The previous energy can be interpreted as the one resulting
from a JJ two-leg ladder (with a vertical coupling J˜12 at every
other site and horizontal couplings J˜1δ and J˜2δ in the top and
bottom leg, respectively) with periodic boundary conditions
and zero flux threading the plaquettes but a finite inner flux i
in the ring. As expressed above, these couplings are dependent
on the magnetic flux f .
If a multiple of 2π is added to the flux i , the energy
does not change, reflecting a 2π periodicity of the energy1 plots as in the case of the one-band rhombi chain, and
the superconducting phases gain a plane wave extra phase as
explained for the case of the linear chain.
Let us now consider the rhombi chain near full frustration,
γ π < f < (2 − γ )π . If Eq. (29) remained valid as the flux
f approached π , one would observe similar behavior to
that described for the one-band chain, that is, halving of the
periodicity of the parabolic-like profile of the energy as a
function of the inner magnetic flux i due the energy lowering
of the solutions with an inversion of the currents in a rhombus.
The halving of the periodicity as the flux f approaches π is
indeed observed but with new structure in the energy profile
as shown in Figs. 10(a) and 10(c).
In Fig. 10(a), we show E(1 ) plots for the following
values of the magnetic flux through the plaquettes: f = 0;
f = 0.9π or 1.1π ; f = 0.996π or 1.004π ; f = π . The
respective Josephson couplings are J1 = 0.6, J2 = 0.55 and
the interband coupling is J12 = −2, and this set of couplings
corresponds to a point within the chiral phase in Fig. 9(a). One
observes that as f approaches π , besides the appearance
of the solution associated with the inversion of the current
in one rhombus (green dashed curve), new solutions appear
(red thick curves) which expand as f approaches π and
for f = π , these are the only solutions present. These new
phase configurations do not appear when the set of couplings
corresponds to a nonchiral point in the phase diagram of
Fig. 9(a) and they are characterized by the breaking of the
translation symmetry in the energy density of the JJ array state.
In fact, while for −γ π < f < γ π , the superconducting
phases configurations are such that each plaquette carries the
same energy, in contrast, for γ π < f < (2 − γ )π , these new
phase configurations imply a modulated energy density and in
particular, for f = π , a doubling of the periodicity of the
energy density is observed.
In Fig. 10(c), we show E(1 ) plots when f = π , J12 =
−2, and for several sets of Josephson couplings values [which
correspond to points along the diagonal of the phase diagram
of Fig. 9(a)]: J1 = J2 = 0.9; J1 = J2 = 1.1; J1 = J2 = 1.2;
J1 = J2 = 1.3. One observes in the top plot of Fig. 10(c)
that the energy profile is completely flat. This behavior is
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FIG. 10. (Color online) In (a), E(1 ) plots are shown for the following sequence of magnetic flux values through the plaquettes: f = 0;
f = 0.9π or 1.1π ; f = 0.996π or 1.004π ; f = π . The set of couplings J1 = 0.6, J2 = 0.55 and J12 = −2 corresponds to a point
within the chiral phase in Fig. 9(a). In (c), E(1 ) plots are displayed when f = π , J12 = −2, and for several values of Josephson couplings
[corresponding to points along the diagonal of the phase diagram of Fig. 9(a)]: J1 = J2 = 0.9; J1 = J2 = 1.1; J1 = J2 = 1.2; J1 = J2 = 1.3.
In (b) and (d), we show the supercurrent plots corresponding to the energy plots shown in (a) and (c). (e) Example of a current configuration
in the rhombi chain with two-band spinal elements, where a doubling of periodicity is observed. Parameters: J1 = 0.6, J2 = 0.6, J12 = −2,
f = π , and i = 0.

observed as long as 2J1 /J12 = 2J2 /J12 < 1. Small shifts
from the diagonal of the phase diagram of Fig. 9(a) recover
the paraboliclike profile but with a small amplitude of the
E(1 ) oscillations as one can observe in the bottom plot
of Fig. 10(a). In the second and third plots of Fig. 10(c),
plateaus intercalating sinusoidal curves are observed in the
energy profiles. These plateaus are observed for 2J1 /J12 =
2J2 /J12  1, with {J1 ,J2 ,J12 } corresponding to a point within
the chiral region of Fig. 9(a). If the Josephson couplings are
increased further, the plateaus disappear and one observes the

usual parabolic-like oscillations. If f deviates from π , the
plateaus remain almost flat but become narrower following the
behavior observed in Fig. 10(a).
When the energy becomes independent of the inner flux
in the rhombi chain, and consequently, plateaus are observed
in the energy-phase plots, the respective supercurrent along
the chain is therefore blocked and the usual sawtoothlike
supercurrent-phase plot of the rhombi chain becomes intercalated with zero current regions. This is observed in Figs. 10(b)
and 10(d), which show the supercurrent plots corresponding
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Eflat = Nr J12 + 4Nr J12 /J12

(31)

(we assume Nr even). This expression agrees exactly, for
example, with the value −21.72 given the parameters of the
top plot of Fig. 10(c).
If J1 is different from J2 [see Fig. 10(a)], the solution (red
thick curve) with modulated energy density has the same form,
with every other TBS in an exactly sign-reversed state, but now
current flows along the chain since the current from band 1 of
the TBS to a OBS is not exactly compensated by the current
from the same OBS to band 2 of the TBS. This is reflected by

0.7

16.0

0.6

16.5
17.0

0.5

17.5
0.4
18.0
0.3

Emin

Emax Emin

to the energy plots of Figs. 10(a), and 10(c), respectively.
We emphasize that this blocking of the supercurrent along the
chain is much stronger than the blocking of supercurrent in the
one-band rhombi chain, which occurs only at full frustration.
In Fig. 10(e), we present an example of a current configuration with broken translation symmetry in the rhombi
chain with two-band spinal elements. The parameters are
the same as those of the first plot of Fig. 10(c) (J1 = 0.6,
J2 = 0.6, J12 = −2, f = π and i = 0). A clear doubling of
periodicity of the current configuration is observed (compare it
with Fig. 4(b)), with every other TBS displaying zero interband
supercurrent, that is, having a π interband phase difference
(an exactly sign-reversed state). These interband π junctions
block the supercurrent along the chain when J1 = J2 , since
in this case the sum of Josephson energies between this TBS
and an OBS to its right (or left) is zero, for any value of the
phase α [see the labeling of phases in Fig. 10(e)] of the first
band of the TBS. This implies that this sign-reversed TBS
effectively decouples from the rest of the chain. In terms of
Josephson currents, this implies that the supercurrent flowing
in the junction between the sign-reversed TBS and a OBS is
zero. However, the current from each of the bands of the TBS
to the OBS is not zero, despite the fact the interband current is
zero. As one may observe in Fig. 10(e), the current flows from
the sign-reversed TBS to the OBSs on its right (or left) drawing
a closed circuit: from band 1 of the sign-reversed TBS to the top
OBS, then to band 2 of the TBS, then to the bottom OBS and
finally closes the circuit returning to band 1. The same circuit
with current flowing in the opposite direction also occurs.
The phases θi , i = 1,2,3,4, and , shown in Fig. 10(e)
can be determined when J1 = J2 and f = π since the
respective region of the chain [region delimited by the dashed
rectangle in Fig. 10(e)] is decoupled from the rest of the
chain due to the sign-reversed TBS on its left and right.
Minimizing the Josephson energies terms in this region that
contain the phase θ1 , one obtains θ1 =  − π/4 − 1 /(2Nr )
for negative J1 /J12 . Doing the same for the other phases, one
obtains θ1 = θ4 =  − π/4 − 1 /(2Nr ) and θ2 = θ3 =  +
π/4 − 1 /(2Nr ). So the energy associated with the decoupled
region is −J12 cos(2) − 8J1 cos , independent of 1 and,
therefore, we will see a plateau in E(1 ) as long as this phase
configuration is the lowest energy one. This independency of
1 is consistent with the fact that the decoupled region is an
open circuit. Minimizing the previous energy expression, one
obtains cos  = −2J1 /J12 (the two solutions for  correspond
to opposite directions of the currents flowing in the decoupled
region) and therefore, the energy of the decoupled region is
J12 + 8J12 /J12 and since the energy of the sign-reversed TBS
is J2 , the total energy of the chain is
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FIG. 11. (Color online) Amplitude of the energy-phase oscilations as a function of f (Emax − Emin on the left axis), and minimum
value of the energy as a function of f (Emin on the right axis) of the
rhombi chain with TBSs at the spinal sites. The amplitude decreases
much more [compared with Fig. 4(d)] at f = π due to the existence
of new solutions, which break the translation symmetry of the energy
distribution along the rhombi chain. Parameters: J1 = 0.6, J2 = 0.55,
J12 = −2.

the small but finite 1 dependence of the total energy in the
bottom plots of Fig. 10(a). In these two plots, the two different
solutions corresponding to the paraboliclike arcs of the red
thick curve differ in the currents direction in a short region
of the chain, which is similar to what we have described in
Sec. II B (in the case of the rhombi chain of OBS, the lowest
energy solutions differ in the current direction in one rhombus).
The existence of these energy plateaus (and the consequent
blocking of supercurrent) can also be qualitatively understood
establishing a parallel with the existence of flat bands in the
corresponding geometrically frustrated tight-binding models.
In Appendix A, we explain how to construct a close analogy
between such tight-binding models and JJ arrays. This analogy
is not exact when the tight-binding ground states are not
homogeneous, but it still allows us to explain qualitatively the
unusual behavior of the JJ rhombi chain. If the tight-binding
ground states fall into a flat band as the magnetic flux is varied,
they will be localized states and the respective energy will be
independent of the magnetic flux [23]. This leads to a plateau
in the ground-state energy plot just as we have observed in the
JJ rhombi array. Due to the high degeneracy of a flat band, the
numerically obtained phase configurations for the JJ rhombi
will correspond to a superposition of the localized tightbinding states. The supercurrent blocking is a consequence
of the energy being independent of magnetic flux in this case.
In Fig. 11, we show the amplitude of the E(1 ) oscillations
as a function of f (Emax − Emin on the left axis), for
J1 = 0.6, J2 = 0.55, and J12 = −2. The amplitude decreases
very sharply in a small interval centered at f = π and its
minimum value is much smaller than that of the one-band
rhombi chain [see Fig. 4(d)]. This minimum may become zero
when J1 = J2 .
V. CONCLUSION

In this paper, we have described modifications to the
behavior of a single rhombus and of a rhombi array of
Josephson junctions in the large capacitance limit due to
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presence of sign-reversed TBSs at the spinal positions of
the rhombi chain. We have shown that these JJ circuits can
be mapped onto a triangular JJ circuit and a JJ two-leg
ladder, respectively, with zero effective magnetic flux, but
with effective Josephson couplings which are magnetic flux
dependent. This mapping leads to an additional chirality
variable, which is different from the chirality induced by
magnetic field in the rhombus plaquette. In fact, one may
have finite currents in the rhombi chain and no current in the
mapped JJ array. A phase diagram of this mapped chirality was
constructed for both the rhombus and the rhombi chain in the
plane of the Josephson couplings. The effect of a frustrating
magnetic flux is the expansion/contraction of the mapped
chiral regions and consequently, transitions between chiral and
nonchiral mapped states may occur. Increasing temperature
leads to variation of the ratios between Josephson couplings
as well as between the Josephson couplings and the interband
couplings, and transitions between chiral and nonchiral states
may also be observed.
We have also shown that the supercurrent along the rhombi
chain exhibits rather unusual behavior, when the mapped
state of the rhombi chain falls into the chiral region of the
phase diagram. Near full frustration and for equal Josephson
couplings, plateaus are observed in the energy-phase plots
and the respective supercurrent along the chain is blocked.
The usual sawtoothlike supercurrent-phase plot of the rhombi
chain is therefore intercalated with zero current regions that
become wider as the Josephson couplings are decreased. The
blocking of the supercurrent along the chain is due to the
locking of every other TBS in an exactly sign-reversed state
(which implies a doubling of the periodicity of the energy
density along the chain).
The existence of chiral states in the mapped arrays reflect the frustration induced by the sign-reversed two-band
superconducting elements and therefore may be used has a
probe of the relative phase of the superconducting gaps in
TBSs. The classical behavior of the one-band rhombi chain has
been experimentally observed [5,6,22] and we suggest that the
results presented in this paper should also be experimentally
observed in a rhombi chain with pnictide superconductors at
the spinal positions if indeed a sign-reversed superconducting
state occurs in these systems [20].
If the charging energy is relevant compared with the
Josephson energy of the junctions, quantum modifications
should occur in the classical behavior of the rhombi chain with
two-band superconducting elements described in this paper.
These quantum corrections should be particularly interesting
in the regime where the quantum plateaus appear and the
supercurrent is blocked. In the case of the rhombi chain
of OBSs, quantum corrections (more precisely, quantum
phase slips [5]) open a gap at the intersection points of the
classical states energies, reflecting the mixing of the respective
classical states, and induce a change in the supercurrent profile
from sawtooth to sinusoidal [5,24]. In the case described in
this paper, we have more complicated energy and current
profiles, with more crossings of classical state energies, but
we still expect similar modifications, that is, partial lifting of
degeneracy at the crossing points due to level repulsion. The
nature of the global quantum state, which results from mixing
the blocked supercurrent classical states with other classical
states, is an open and interesting question.
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APPENDIX A: JJ ARRAYS IN THE HIGH-CAPACITANCE
LIMIT

In this Appendix, we first introduce the high-capacitance
approximation for the Hamiltonian of a JJ array. Next, we
consider a JJ array with two-band superconducting elements
and show that the two bands of these superconductors play
a similar role to two OBSs. Finally, we discuss the limits of
weak and strong interband coupling in these arrays with TBSs.
A JJ is created when two superconducting islands are
connected by a constricted superconducting region or by a
thin layer of a metallic or insulating material. The Josephson
coupling of the superconducting order parameters induced
by this link depends on its characteristics, for example, the
thickness of the insulating barrier, and one may consider it a
controllable parameter. In the weak-link approximation, the
Josephson tunneling is a small interaction which affects only
the relative phases of the superconducting order parameters in
each island but not the magnitude of the superconducting gaps.
A finite phase difference between the superconducting islands
leads in general to the appearance of a Josephson current [25].
The JJ Hamiltonian must consider not only the Josephson
energy associated with the tunneling of cooper pairs but also
the charging energy due to the electrostatic interaction within
each superconducting island. The charging energy is inversely
proportional to the capacitance of the island and for sufficiently
large islands, this energy contribution can be neglected. The
Hamiltonian that describes arrays of Josephson junctions in
this high-capacitance limit is

H =−
Jij cos(φi − φj − Aij ),
(A1)
ij 

where φi is the superconducting phase of the island i and Aij
is the phase shift due to the presence of an external magnetic
field, obtained from the line integral of the vector potential
along the path from site i to site j ,
Aij =

2π
0

j

A · dl,

(A2)

i

where A is the vector potential, corresponding to a uniform
transverse magnetic field B and 0 is the superconducting flux
quantum, 0 = h/(2e). Considering a 2D JJ array, the uniform
frustration f is then related to B by the relation f = BAP /0 ,
where AP is the plaquette area. A fully frustrated JJ array is
obtained with a half-flux quantum per plaquette. This magnetic
flux is equivalent to the change of the sign of one of the
Josephson couplings from positive to negative, that is, it creates
a π junction [19].
There is a close relation between fully frustrated JJ
arrays, itinerant geometrically frustrated electronic systems
and magnetic frustrated systems. JJ arrays in the highcapacitance limit are physical realizations of the classical
XY model where frustration occurs in the case of an odd
number of antiferromagnetic couplings per plaquette [9–11].
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The Hamiltonian of a JJ array can also be mapped onto a
one-particle tight-binding model in a lattice with the same
geometry and under the same magnetic field [10,26]. In certain
geometries, this mapping of the JJ array Hamiltonian into
a tight-binding problem simplifies considerably the analysis.
The Hamiltonian given by Eq. (A1) can be written in the
compact form H = − 12 υ † P υ, where P is a Hermitian and
positive definite matrix with elements Pij = Jij e−iAij and υ is
a column vector with components υi = e−iφi . The P matrix
can be interpreted as the Hamiltonian matrix of a one-particle
tight-binding model and the diagonalization of the P operator
provides directly the minimum energy configuration of the JJ
array if the ground state of the tight-binding model has uniform
density.
1. JJ arrays with two-band superconducting elements

The Hamiltonian defined in Eq. (A1) implicitly assumes
that the respective Josephson energy is much smaller than the
condensation energies of the superconductors in the JJ array
and therefore the value of the gap function of each of the
OBSs is determined from the usual BCS gap equation without
taking into account the energy contribution of Eq. (A1). In
the case of a TBS, the interband tunneling energy term may
be comparable to the intraband condensation energy and
the gap functions are determined taking also into account
this energy contribution [27]. The temperature dependence
of the gap functions in the case of TBSs with interband
pair-tunnelling is long known [28]. The usual starting point
for the determination of the gap functions is the reduced BCS
Hamiltonian generalized to two bands [28],


i†
†
†
ξki ckσ cikσ −
Vij ci,k1 ↑ ci,−k1 ↓ cj,−k2 ↓ cj k2 ↑ ,
H =
ij,k1 k2

ikσ

(A3)
with ξk = k − μ and where i, V , and μ are, respectively,
the band index (i = 1,2), the interaction constant, and the
chemical potential. The k sums in the interaction term follow
the usual BCS restrictions.
Applying a mean-field approach to this Hamiltonian,
minimization equations are obtained for the superconducting
phases and the superconducting gaps. Below, we present the
approach followed in Ref. [15] in order to determine these
equations in the particular case of a TBS.
At zero temperature, considering the usual BCS operators

ˆ i = k c† c†
ik↑ i−k↓ in the subspace constructed from the set
of BCS states [27], written as

2
†

|F(,) =
j =1

†

(uj k + eiφj vj k cj k↑ cj −k↓ ) |0 ,
k

(A4)
one obtains
ˆ j |F(,) =

j |F(,)

uj k vj k e−iφj |F(,),
=

(A5)

k

where  = (1 ,2 ) and  = (φ1 ,φ2 ) are the absolute values
of the superconducting gaps and the respective phases, with

the usual BCS definition of superconducting order parameters
uik vik =

i
,
2Eik

(A6)

√
2
2
where Eik = [ξik
+ 2i ] and u2ik + vik
= 1 (uik and vik are
real). The Hamiltonian is also diagonal in the BCS basis and
its eigenvalues are given by


fi (| i |2 ) −
Vii | i |2
E=
i

−



i

Vi,j |

i ||

j | cos(φj

− φi ),

(A7)

i=j

where fi (| i |2 ) is the kinetic energy contribution of the
respective band term in the Hamiltonian and has an elaborate
dependence on the superconducting parameters i . The other
terms result from the intraband and interband pairing terms in
the Hamiltonian. At finite temperature, this expression remains
valid with the modification [15]

uj k vj k e−iφj (1 − 2fj k ),
(A8)
j =
k

where fj k is the occupation number of the quasiparticle
state with momentum k and energy Ej k of the band j . The
minimization of the free energy with respect to the phases φi
gives

∂E
= 0, ∀i ⇒
Vi,j | j | sin(φj − φi ) = 0, ∀i. (A9)
∂φi
j
The minimization of the free energy with respect to the
absolute values of the superconducting parameters [27,29]
leads to the system of coupled gap equations
 ij
Vkk cos(φj − φi )uj k vj k (1 − 2fik ),
(A10)
ik =
jk

with j = 1, . . . ,n, which, following the usual steps [29], can
be written as
ωD

V ij cos(φj − φi )
dξj Kj (ξj ,j ,T )j , (A11)
i =
0

j

with
Kj (ξ,,T ) =


Nj (ξ )
βE
tanh
,
E
2

(A12)

where E = ξ 2 + 2 , ωD is the usual frequency cutoff, Nj (ξ )
is the density of states of the j band and 1/β = kB T .
In the case of a TBS, the minimization in order to the
superconducting phases leads to a zero phase difference if the
interband coupling is attractive or π if it is repulsive. In both
cases, the same temperature dependence for the absolute values
of the gap functions is obtained. This temperature dependence
is displayed in Fig. 12 for increasing values of the interband
coupling. For small interband coupling, the gap functions are
very similar to the uncoupled gap functions, but a single critical
temperature is present and the lower superconducting gap is
small but finite near this critical temperature. With increasing
interband coupling, the superconducting gaps grow and a clear
change of the behavior of the lower superconducting gap near
the critical temperature occurs.
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FIG. 12. (Color online) Temperature dependence of the energy
gaps of a TBS for several values of the interband coupling V12 .
A single critical temperature is present even in the limit of very
small interband tunneling. Besides a global enhancement of the
superconducting gaps with increasing interband coupling, one can
observe a clear change of the behavior of the lower superconducting
gap near the critical temperature.

The energy of an array of JJs with one-band and TBSs can
be described by a similar expression to that of Eq. (A7), if we
add the BCS energy to the Josephson term given by Eq. (A1)
in the case of the OBSs. The total energy becomes


E=
fi (| i |2 ) −
Vii | i |2
i

−



the calculation of the superconducting gap for the second band
2 (T ). This expression should be modified due to the influence
of the Josephson tunnellings between superconductors, but not
significantly if 1 (T ) is the largest superconducting gap of the
JJ array in this temperature range.
If the energy contribution of the interband coupling in
the TBSs is much larger than the Josephson energy between
different superconductors, it has to be considered in the
determination of the gap values of the TBS. The weaklink limit is assumed for the Josephson tunnellings between
different superconductors and therefore the Josephson energies
are neglected in the determination of the superconducting
gaps. This case is characterized by a reduction on the number
of independent tunnellings, which can be interpreted as an
effective modification of the geometry of the JJ circuit.
Consider, for example, a square JJ circuit of OBSs where one
of the JJ couplings (let us assume J2 ) is much larger than the
others. This implies φ3 ≈ φ2 and φ3 ≈ φ2 + π if J2 is positive
or negative, respectively. Note that the energy minimization
(in order to φ2 ) implies J1 sin(φ1 − φ2 ) ≈ J2 φ23 , where the
sine has been expanded on the right term of the equation and
φ23 = φ2 − φ3 or φ23 = φ2 − φ3 + π if J2 is positive or
negative, respectively. This implies that this phase difference
is small, φ23 ≈ (J1 /J2 ) sin(φ1 − φ2 ) and this leads to the
Josephson current relation:
J1 sin(φ1 − φ2 ) = J2 sin(φ2 − φ3 )
= J3 sin(φ3 − φ4 )

J3 sin(φ2 − φ4 ),
≈
−J3 sin(φ2 − φ4 ),

i

Jij cos(φi − φj − Aij ),

(A13)

ij 

The previous expression describes the energy of a JJ array
with one band and TBSs, if the index i labels not only the
one-band superconducting elements but also each of the bands
of the TBSs. This energy must be minimized with respect to
the absolute value of the superconducting gaps as well as with
respect to the superconducting phases.
2. Limiting cases

Two limiting situations may be considered in what concerns
the TBSs: energy contribution due to interband pairing of the
order of the Josephson energy between different superconductors or much larger than this Josephson energy.
If the energy contribution due to interband pairing is of
the order of the Josephson energy, and since the weak limit is
considered for the JJs, this implies that this energy is negligible
compared with the intraband contribution to the condensation
energy of the TBSs. Therefore the superconducting gaps of the
TBSs can be determined independently (using the one-band
gap equation) for temperatures lower than the lowest of the
critical temperatures of the independent bands. For larger temperatures, the interband coupling is relevant for the band with
lower condensation energy inducing a finite but small gap in
the band. However, this contribution remains irrelevant for the
band with higher condensation energy. The relation between
the two gaps in this temperature range is particularly simple,
2 (T ) = V12 /V11 1 (T ) due to the interband contribution in

J2 > 0,
J2 < 0.

(A14)

This system can be interpreted as a triangular JJ circuit with
superconducting phases φ1 , φ2 and φ4 and with JJ couplings
J1 , ±J3 and J4 where the sign associated with J3 is given by
the sign of J2 .
APPENDIX B: TEMPERATURE DEPENDENCE OF THE
JOSEPHSON AND INTERBAND COUPLINGS

Specific to JJ arrays is the temperature evolution of the
Josephson couplings which reflects the BCS temperature
dependence of the superconducting gaps (which vanish approximately as a square root as the BCS critical temperature
is approached). This temperature dependence is absent in
magnetically frustrated systems and itinerant geometrically
frustrated electronic systems since the Heisenberg couplings
and transfer integrals are considered to be temperature independent. This temperature dependence is usually neglected
in JJs arrays experiments since (i) these experiments are
carried out well below the BCS critical temperature and
(ii) all superconducting islands are assumed to be identical
so that the only available variables are the superconducting
phases of the islands.
Two different tunnellings are considered in this paper: the
usual Josephson tunneling between two OBSs and interband
tunneling in the case of a single TBS. The minimization of the
energy with respect to the superconducting phases leads to

Jij sin(φj − φi ) = 0,
(B1)
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where i is the “site” of the JJ array (recall that in the case of
a TBS, each band is considered a site as shown in Fig. 2) and
Jij = 2Vij | i || j | in the case of the interband tunneling.
As mentioned before, the condensation energy corrections
due to the interband interactions can be of the order of
the intraband contributions and therefore the determination
of the temperature dependence of the interband couplings
Jij = 2Vij | i || j | requires the solution of the coupled gaps
equations, Eq. (A11). In these equations, the relative difference
of superconducting phases associated with each band of a
TBS is also present. However, since the interband coupling
is much larger than the Josephson constant for tunneling
between different superconductors, this relative phase will
be approximately 0 or π for attractive or repulsive interband
interaction, respectively. This will be discussed in more detail
in the next section. The gap values for the TBS will be
determined considering these values for the relative phase and
the typical temperature dependence is displayed in Fig. 12 for
several values of the interband coupling.
The temperature dependence for the Josephson-like constant in the case of the pair tunneling between the bands i and
j of a TBS is determined from
Jij = 2Vij |

i || j |
ωD

= 2Vij

a

i

10

1

1
2
3

0

dξi Ki (ξi ,i ,T )i

Ji Jm ax
Φi Π

Φ
Α

0.0

dξj Kj (ξj ,j ,T )j ,

while the determination of the temperature dependence for the
tunneling constant in the case of a Josephson junction between
two OBSs is given by [30,31]
π
β

 

−1/2
ωl2 + 2i (T ) ωl2 + 2j (T )
,
l=0,±1,...

(B3)
where ωl = π (2l + 1)/β, Rn is the normal state resistance and
i (T ) is the gap energy of superconductor i at the temperature
T . In the latter case, the gap values are only determined by
the intraband pairing and one neglects the influence of the
Josephson tunneling in the gap values (i.e., one considers
the usual weak-link limit). The energy gaps depend on the
temperature and this dependence is obtained for the latter from
the gap equation of a OBS,
2
=
N (0)V

c

0

(B2)

×

10 J1
J12
10 J2

1

0

Jij (T ) = Rn−1 i (T )j (T )

0

1

ωD

0

b

1

1 

1 − 2f ξ 2 + 2i 2
dξ
,

1
−ωD
ξ 2 + 2i 2
ωD

(B4)

where ωD is the Debye frequency and N (0) is the density of
states at the Fermi energy. In the case of the TBS, the interband
coupling has to be considered (except if it is very small
compared with the intraband coupling) and the temperature
dependence is obtained solving the system of coupled gap
equations, Eq. (A10).

0.5
T T c , m ax

1.0

FIG. 13. (Color online) Temperature evolution of (a) gap functions 1 , 2 , and 3 (neglecting the contribution of the Josephson
tunnellings); (b) interband and Josephson couplings; and (c) superconducting phases φ and α of the rhombus circuit with TBSs at
the spinal positions and in the absence of magnetic field. In (a), the
two-band gaps 1 and 2 vanish at the same critical temperature
Tc,12 which we chose larger than the critical temperature of the
OBSs, Tc3 ≈ 0.77Tc,12 (indicated by the vertical dashed line). With
increasing temperature, second-order phase transitions are observed
in the superconducting phases plot, first from a nonchiral state to a
chiral state and second from a chiral state to a nonchiral state. In these
plots, the pairing constants for the TBSs are V12 = .01 and V22 = .88
in units of V11 and for the OBSs V3 = .95V11 . The Josephson
couplings between the two-band and the one-band superconductors
are such that J1 (0) ≈ 0.08J12 (0) and J2 (0) ≈ 0.12J12 (0).

1. Temperature dependence of the chiral state

The influence of increasing temperature in the chiral
superconducting state of a three-band superconductor has
been discussed by Dias and Marques [15]. This discussion
is easily extended to the case of the rhombus circuit, where
one has interband couplings as well as Josephson couplings.
The temperature dependence of the interband and Josephson
couplings has been discussed above. One should note that
in general, the OBSs and the TBSs have different critical
temperatures and as temperature is increased, the JJ circuit
will open since one of the superconductors reached its
critical temperature. In that case, the Josephson currents
are zero and the superconducting phase differences between
superconductors are random.
In Fig. 13, we show the temperature evolution of the gap
functions, the interband and Josephson couplings, and the
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superconducting phases φ and α of the rhombus circuit in
the absence of magnetic field. With increasing temperature,
second-order phase transitions are observed in the superconducting phases plot, first from a nonchiral state to a chiral
state and second from a chiral state to a nonchiral state. These
transitions lead to slope changes in the gap functions [15] as
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