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1Departamento de Física, Instituto Superior Técnico, Universidade de Lisboa, Avenida Rovisco Pais, 1049-001 Lisboa, Portugal
2Departamento de Matemática, Instituto Superior Técnico, Universidade de Lisboa, Avenida Rovisco Pais, 1049-001 Lisboa, Portugal

3Instituto de Telecomunicações, Avenida Rovisco Pais, 1049-001 Lisboa, Portugal
4CeFEMA, Instituto Superior Técnico, Universidade de Lisboa, Avenida Rovisco Pais, 1049-001 Lisboa, Portugal

(Received 13 March 2018; revised manuscript received 29 October 2018; published 26 December 2018)

We study the behavior of the fidelity and the Uhlmann connection in two-dimensional systems of free fermions
that exhibit nontrivial topological behavior. In particular, we use the fidelity and a quantity closely related to the
Uhlmann factor in order to detect phase transitions at zero and finite temperature for topological insulators and
superconductors. We show that at zero temperature both quantities predict quantum phase transitions: a sudden
drop of fidelity indicates an abrupt change of the spectrum of the state, while the behavior of the Uhlmann
connection signals equally rapid change in its eigenbasis. At finite temperature, the topological features are
gradually smeared out, indicating the absence of finite-temperature phase transitions, which we further confirm
by performing a detailed analysis of the edge states. Moreover, we performed both analytical and numerical
analysis of the fidelity susceptibility in the thermodynamic limit, providing an explicit quantitative criterion
for the existence of phase transitions. The critical behavior at zero temperature is further analyzed through the
numerical computation of critical exponents.

DOI: 10.1103/PhysRevB.98.245141

I. INTRODUCTION

Topological phases of matter have received much attention
in recent years due to their many potential applications in the
emerging field of quantum technologies. Topological phases
(TPs), in contrast to the Landau theory of phase transitions [1],
are not described in terms of a local order parameter having a
nontrivial value in the symmetry broken phase. Instead, they
are described by global topological invariants [2–4], robust
against continuous perturbations of the system preserving the
symmetry and the spectral gap—no breaking of the symmetry
occurs. These topological invariants, like Chern numbers [2],
become observable through the response functions of the
system coupled to an external field [2,5]. When terminating
the system to the vacuum, there appear gapless modes which
are exponentially localized at the boundary of the system, as
predicted by the bulk-to-boundary principle [6]. On the other
hand, it is impossible to deform a system from a topological
phase with a given value of a topological invariant to the one
where this invariant takes a different value without closing the
gap. In this case, we say that a topological phase transition
occurred, a particular example of a quantum phase transition
[7]. From the quantum information theory point of view, there
are two main approaches to the problem of quantum phase
transitions. The first one is to study entanglement properties
of the system [8–11]. The second approach is to study various
distinguishability measures between quantum states, in par-
ticular the quantum fidelity [11–17], which we will consider
here. When a system undergoes a phase transition, its ground
state changes substantially and the quantum fidelity signals
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this change by a sudden drop in its value [14,15]. In this
work, we extend the fidelity and Uhlmann connection analysis
performed in [18,19] for the case of chiral topological phases
in one-dimensional (1D) to 2D fermion topological phases,
namely topological superconductors (TSCs) and insulators
(TIs) classified by the first Chern number.

Our paper is organized as follows. In Sec. II we recall the
notions of fidelity and Uhlmann connection and how their
study can be used to probe phase transitions. In Sec. III we
present the results of the fidelity and Uhlmann connection
analysis for 2D TSCs and TIs. In Sec. IV, we analyze the non-
commutativity of the thermodynamic and zero-temperature
limits of the fidelity susceptibility and prove the absence of
finite temperature phase transitions in the class of models
considered. Moreover, we analyze the critical behavior at zero
temperature by looking at critical exponents. In Sec. V we
consider the system in a cylinder and study the edge states.
Finally, in Sec. VI, we present our conclusions.

II. FIDELITY AND THE UHLMANN CONNECTION IN THE
STUDY OF PHASE TRANSITIONS

In this section, we present the main concepts of the fidelity
and the Uhlmann connection analysis of phase transitions. In
particular, we will show the relationship between the fidelity
and the quantity � associated to the Uhlmann factor, which
we will in turn use to study phase transitions.

The general expression for the fidelity between two mixed
states ρ and ρ ′ is

F (ρ, ρ ′) = Tr
√√

ρρ ′√ρ. (1)

The set of mixed states is convex, but not linear in general, i.e.,
for any two mixed states ρ and ρ ′, and scalars λ and λ′, the
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linear combination λρ + λ′ρ ′ is not necessarily a mixed state.
Nevertheless, a convex combination of ρ and ρ ′ is a mixed
state, i.e., for λ, λ′ � 0 and λ + λ′ = 1, the linear combination
λρ + λ′ρ ′ belongs to the set of mixed states. This feature of
nonlinearity imposes significant restrictions when it comes to
performing a geometric study. On the other hand, we do not
have this issue in the case of pure states, since a pure state ρ =
|ψ〉〈ψ | can be treated as a projection on the subspace spanned
by the state |ψ〉, therefore inheriting the geometric properties
of the Hilbert space. Notice the U (1)-gauge freedom: |ψ〉 and
eiφ|ψ〉 correspond to the same state ρ = |ψ〉〈ψ |.

To overcome such restrictions, one can consider the con-
cept of the purification of a mixed state, that is, any mixed
state in a certain Hilbert space can be seen as the reduced
state of a pure state in a different (larger) Hilbert space.
Similarly, for each mixed state ρ in a Hilbert space H , we
can consider the corresponding Hilbert-Schmidt space Hw =
H ⊗ H ∗, where H ∗ is the dual of H , which contains the
purifications w (in this case they are called amplitudes) such
that ρ = ww†. Notice that there is a U (n)-gauge freedom
in the choice of the amplitude, analogously to the U (1)-
gauge freedom in the case of pure states: w and wU with
U being unitary correspond to the same state ρ = ww†. In
what follows, we will describe how a particular choice of the
amplitude reveals the relationship between the fidelity and
the Uhlmann connection. Two amplitudes w1 and w2, such
that ρ1 = w1w

†
1 and ρ2 = w2w

†
2, are said to be parallel in the

Uhlmann sense if they minimize the distance induced by the
Hilbert-Schmidt inner product 〈w2, w1〉 = Tr(w†

2w1):

||w2 − w1||2 = Tr[(w2 − w1)†(w2 − w1)]

= 2(1 − Re〈w2, w1〉).

Minimizing ||w2 − w1||2 is equivalent to maximizing
Re〈w2, w1〉:

Re〈w2, w1〉 � |〈w2, w1〉| = |Tr(w†
2w1)|.

Considering the polar decompositions wi = √
ρiUi, i ∈

{1, 2}, where the Ui’s are unitary matrices, the above
inequality becomes

Re〈w2, w1〉 � |Tr(U †
2
√

ρ2
√

ρ1U1)|.
Using the polar decomposition

√
ρ2

√
ρ1 = |√ρ2

√
ρ1|V , with

V unitary, and the cyclic property of the trace, we obtain

Re〈w2, w1〉 � |Tr(|√ρ2
√

ρ1|V U1U
†
2 )|,

and the Cauchy-Schwarz inequality implies

Re〈w2, w1〉 � Tr|√ρ2
√

ρ1|,
with the equality holding for V U1U

†
2 = I , where I is

the identity [20]. Finally, we can write |√ρ2
√

ρ1| =√
(
√

ρ2
√

ρ1)†(
√

ρ2
√

ρ1) and get

Re〈w2, w1〉 � Tr
√

(
√

ρ1ρ2
√

ρ1) = F (ρ1, ρ2),

which shows the relationship between the fidelity and the
Uhlmann connection, as characterized by V , the so-called
Uhlmann factor. In other words, imposing two amplitudes,
w1 and w2, to be parallel in the Uhlmann sense is equivalent

to choosing, by means of the associated Uhlmann factor, the
specific gauge V U1U

†
2 = I , which gives rise to the fidelity

between the states ρ1 and ρ2.
To illustrate this relationship better, let us consider the

Uhlmann parallel transport condition. Suppose that ρ(t ) is a
closed curve of density matrices parametrized by t ∈ [0, 1].
Then, given an initial state ρ(0) and the corresponding am-
plitude w(0), the Uhlmann parallel transport condition, taken
for an infinitesimal time period δt , yields a unique curve in
the space of amplitudes, along which w(t ) and w(t + δt ) are
parallel, ∀t . In particular, the Uhlmann parallel transport oper-
ator is given as V (t ) = T exp{− ∫ t

0 A(dρ/ds)ds}, where T is
the time-ordering operator and A is the Uhlmann connection
differential one-form. The Uhlmann factor is then V = V (t +
δt )V †(t ). The length of the curve in the space of amplitudes—
with respect to the metric induced by the Hilbert-Schmidt
inner product—is equal to the length of the corresponding
curve in the space of density matrices—with respect to the
Bures metric. The respective Bures distance is given in terms
of the fidelity as dB (ρ1, ρ2) = √

2[1 − F (ρ1, ρ2)].
We proceed by presenting how we can apply the above

concepts in the study of phase transitions. Consider two
close points t and t + δt in the parameter space and the
respective states ρ(t ) and ρ(t + δt ) in the space of den-
sity matrices. If the two states belong to the same phase,
they almost commute, hence V ≈ I and

√
ρ(t + δt )

√
ρ(t ) ≈

|√ρ(t + δt )
√

ρ(t )|. Moreover, since they are almost indis-
tinguishable, F (ρ(t ), ρ(t + δt )) ≈ 1. On the other hand, if
ρ(t ) and ρ(t + δt ) belong to different phases, they must be
significantly different, thus their fidelity must be smaller than
1 [15]. The difference between the two states can be in their
spectra or their eigenbases. In the case of the latter, we also
have nontrivial V �= I [21].

To quantify the difference between the Uhlmann factor V

and the identity, we will use the following quantity, as defined
in [21]:

�(ρ(t ), ρ(t + δt )) := F (ρ(t ), ρ(t + δt ))

− Tr(
√

ρ(t )
√

ρ(t + δt )). (2)

Taking into account that F (ρ(t ), ρ(t + δt )) =
Tr(|√ρ(t )

√
ρ(t + δt )|) and the polar decomposition of√

ρ(t )
√

ρ(t + δt ), as presented above, we can write

�(ρ(t ), ρ(t + δt )) = Tr{|
√

ρ(t + δt )
√

ρ(t )|(I − V )}. (3)

Indeed, �(ρ(t ), ρ(t + δt )) quantifies the difference between
V and I ; as for V = I it is trivially zero.

The quantity �, just like the fidelity, is bounded by 0 and 1.
To show this we recall the following theorem (see for example
[22]):

|Tr(AU )| � Tr|A|, (4)

for U being unitary and A any operator. Using the linearity of
the trace and Eq. (3), we can write � as

�(ρ, ρ ′) = Tr{|√ρ
√

ρ ′|} − Tr{|√ρ
√

ρ ′|V }.
From (4), by replacing A = |√ρ

√
ρ ′| and U = V , we obtain

|Tr{|√ρ
√

ρ ′|V }| � Tr{|√ρ
√

ρ ′|}.
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Thus, we find the lower bound of �(ρ, ρ ′) to be

�(ρ, ρ ′) � 0. (5)

For the upper bound of �(ρ, ρ ′) we will use Eq. (2). Since
Tr{√ρ

√
ρ ′} � 0, as

√
ρ and

√
ρ ′ are positive operators,

�(ρ, ρ ′) is bounded from above by the maximum value of
the fidelity:

�(ρ, ρ ′) � 1. (6)

Summarizing, from (5) and (6), we get

0 � �(ρ, ρ ′) � 1. (7)

For ρ(t ) and ρ(t + δt ) from the same phase, F (ρ(t ), ρ(t +
δt )) = Tr(

√
ρ(t + δt )

√
ρ(t )) ≈ 1, therefore �(ρ(t ), ρ(t +

δt )) ≈ 0, while for ρ(t ) and ρ(t + δt ) from different phases,
F (ρ(t ), ρ(t + δt )) �= 1 and in the case where the Uhlmann
factor is also nontrivial, we have �(ρ(t ), ρ(t + δt )) �= 0.

In summary, the departure of fidelity from 1 and the
departure of � from 0 are indicating the phase-transition
points. In the particular case of topological insulators and
superconductors, the respective phase transitions at zero
temperature (topological quantum phase transitions) are
featured by the closing of the energy gap, which occurs for
certain critical values of the parameters of the Hamiltonian.
The fidelity and � are expected to capture the gap-closing
points, as the distinguishability of the states is enhanced close
to the phase transition.

Regarding possible experimental observations of the fi-
delity and the Uhlmann connection, note that the fidelity
induces the Bures metric on the space of density operators,
which is nothing but the fidelity susceptibility. For large
classes of orders, such as the symmetry-breaking orders of
the Landau-Ginsburg type, it has been shown that the fidelity
susceptibility is precisely the dynamical susceptibility of the
system [21,23,24]. Thus, measuring the susceptibility directly
reveals the fidelity-induced metric in such cases. Moreover,
one can measure other directly observable quantities that are
shown to be related to the fidelity and its metric; such is the
case of tensor monopoles [25]. In connection to that, it has
been shown that estimating various parameters is enhanced
around the regions of criticality where the fidelity-induced
metric (and the related Fisher information) exhibits singulari-
ties [26]. Thus, experiencing enhanced precision in parameter
estimation is directly linked to the behavior of the fidelity; see
for example a recent work [27].

As far as the Uhlmann connection is concerned, one can
directly observe the associated phase, as in [28]. Alternatively,
one can, as in the case of the fidelity, measure other directly
observable physical quantities, such as dynamical suscepti-
bilities and conductivities, that have been shown to directly
depend on the mean Uhlmann curvature and the Uhlmann
number introduced in [29].

III. FIDELITY AND � ANALYSIS OF 2D TOPOLOGICAL
SYSTEMS

In this section we present our quantitative results for the
fidelity and � analysis of 2D topological superconductors and
insulators. In our study the parameters of the Hamiltonian
and the temperature are treated on equal footing, that is, our

parameter space consists of points (μ, T ), where μ denotes
the parameters of the Hamiltonian that drive the quantum
phase transition and T denotes the temperature. We calculated
the fidelity F (ρ, ρ ′) and �(ρ, ρ ′) between the states ρ(μ, T )
and ρ ′ = ρ(μ′, T ′) with μ′ = μ + δμ and T ′ = T + δT . We
consider δμ and δT to be small, such that the points (μ, T )
and (μ′, T ′) of the parameter space, where we evaluate the
fidelity and �, are close to each other. In particular, we treat
the following two cases:

(i) δμ = 0.01 and δT = 0, i.e., probing F and � only with
respect to the parameters of the Hamiltonian, while keeping
the temperature unchanged;

(ii) δμ = 0 and δT = 0.01, i.e., probing F and � only
with respect to the temperature, while keeping the parameters
of the Hamiltonian unchanged.

The expressions for the aforementioned quantities are cal-
culated with respect to the many-body thermal states,

ρ = e−βH/Z, (8)

with the many-body Hamiltonian given by

H = 1
2 ψ̃†HBdGψ̃, (9)

where ψ̃† = (ψ†
1 . . . ψ

†
N ψ1 . . . ψN ), in which, ψ

†
i and ψi are

fermion creation and annihilation operators, N is the total
number of degrees of freedom of the system, and

HBdG =
(

H �

�† −HT

)
(10)

is the Bogoliubov–de Gennes Hamiltonian. Moreover, in the
previous equation, H is an N × N Hermitian matrix and �

is an N × N antisymmetric matrix (not to be confused with
the Uhlmann quantity also denoted by �). Any free-fermion
Hamiltonian having both charge-preserving terms of the
form ψ

†
i ψj = δi,j − ψjψ

†
i and superconducting terms of the

form ψ
†
i ψ

†
j or ψiψj can be cast in the form of H, modulo

a constant term. The Hamiltonian H can be diagonalized
by a Bogoliubov-Valatin transformation. The occupation
number, for each of the Bogoliubov quasiparticles, is of the
Fermi-Dirac type

n(εi ) = 1

eβεi + 1
,

where i = 1, . . . , N and εi are the energy eigenvalues. The
expression for H, in general, includes the chemical potential
μ, and therefore it is included in the expression for εi . In
the limit T → 0, only the states which are below the Fermi
level will be occupied, meaning n(εi ) → 1 for εi < 0 and
n(εi ) → 0 for εi > 0. For the analytic derivation of the
expressions of the fidelity and the Uhlmann quantity �, see
Appendix A and the Supplemental Material of Ref. [5].

A. 2D topological superconductor

We consider the lattice Hamiltonian of a chiral p-wave
superconductor [30–33],

H =
∑
ij

(
−t (c†i+1,j ci,j + c

†
i,j+1ci,j ) − 1

2
(μ − 4t )c†i,j ci,j

+S(c†i+1,j c
†
i,j + ic

†
i,j+1c

†
i,j ) + H. c.

)
, (11)
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FIG. 1. Fidelity for the thermal state ρ, (a) when probing the parameter of Hamiltonian δμ = 0.01, (b) when probing the temperature
δT = 0.01, and (c) the quantity � when probing the Hamiltonian parameter δμ = 0.01, for the 2D topological superconductor.

where ci,j and c
†
i,j are fermionic annihilation and creation

operators for spinless fermions, respectively. S is the super-
conducting pairing, μ is the chemical potential, and t is the
nearest-neighbor hopping. To simplify, we fix |S| = t = 1

2 .
Since in real space the Hamiltonian is translationally invariant,
we can perform a Fourier transformation to obtain

H = 1

2

∑
k

ψ̃
†
kHBdG(k)ψ̃k, (12)

where ψ̃
†
k = (c†k c−k ) and

HBdG(k) = −{sin(ky )σx + sin(kx )σy

+ [μ − 2 + cos(kx ) + cos(ky )]σz}, (13)

with σx,y,z being the Pauli matrices. Finally, we apply a
Bogoliubov-Valatin transformation to diagonalize HBdG(k).
At T = 0, the Chern number (Ch) characterizes two distinct
nontrivial topological phases [34]: one with Ch = 1 for 0 <

μ < 2 and one with Ch = −1 for 2 < μ < 4. For μ < 0 and
μ > 4, the system is in a topologically trivial phase (Ch = 0).

In Fig. 1, we present the plots for the fidelity and �, when
changing the parameters of the Hamiltonian and the temper-
ature, respectively. We observe that at T = 0, in both cases
the fidelity drops around the gap closing point at μ = 2. As
we increase the temperature these drops gradually disappear,
indicating that the temperature smears out the topological
features. Plot (c) shows the behavior of �, for δμ = 0.01 and
δT = 0, i.e., when we change the parameter of the Hamilto-
nian. At T = 0, � becomes nontrivial in the neighborhood
of the gap-closing point at μ = 2, signaling the topological
phase transition, just like the fidelity. For higher T , this
nontriviality is smeared out, indicating again the absence of
finite-temperature phase transitions. By “smearing out” we
mean that the fidelity and the Uhlmann quantity are smooth
functions of temperature and they only reach their saturated
values (1 and 0, respectively) in the T → ∞ limit (in the same
sense as it was previously used in [18,19,35]). For δμ = 0
and δT = 0.01, i.e., when we only change the temperature,
� = 0 everywhere, as the Hamiltonians commute at different
temperatures (we omitted the respective plot). The triviality of
�, with respect to the change of temperature, can be explained
by the fact that it is only sensitive to changes of the eigenbasis,

while the fidelity is sensitive to both changes of the spectrum
and eigenbasis [18].

B. 2D topological insulator

In two dimensions, a topological insulator can be realized
by placing an atom with an internal degree of freedom at
each site of a triangular lattice. This model is described by
the following Hamiltonian [36]:

H =
∑
ij

[ψ†
i+1,j (t1σx + it3σz)ψi,j + ψ

†
i,j+1(t1σy + it3σz)ψi,j

+ψ
†
i+1,j+1(t2σz)ψi,j + H. c.], (14)

where ψ
†
i,j has components c

†
α,i,j , in which α = 1, 2 labels the

pseudospin.
Again, by taking advantage of the translational invariance

of the Hamiltonian in real space, we transform it in momen-
tum space, and considering periodic boundary conditions we
obtain

H (k) = 2t1 cos(kx )σx + 2t1 cos(ky )σy + {2t2 cos(kx + ky )

+ 2t3[sin(kx ) + sin(ky )]}σz. (15)

Notice here that H is charge symmetric and H (k) is simply
the Fourier transform of the block H in the matrix HBdG from
Eq. (10).

For simplicity, we fix t1 = t3 = 1, as in [34]. At T = 0,
by varying the value of the parameter t2, we can find four
distinct topologically nontrivial phases with different Chern
numbers: Ch = ±2 for t2 ≶ ∓2, and Ch = ±1 for ∓2 ≶ t2 ≶
0. In Fig. 2, we show the respective plots for the fidelity
and �. Similarly to the previous case of the 2D topological
superconductor, at zero temperature we observe drops of the
fidelity at the gap-closing points t2 = −2, 0,+2, which signal
the topological phase transitions [plots (a) and (b)]. When we
increase the temperature, the fidelity goes gradually back to 1,
indicating the absence of finite-temperature phase transitions.

Finally, in plot (c), we observe that �, when we vary the
parameter of the Hamiltonian (δt2 = 0.01, δT = 0), becomes
nontrivial around the gap-closing points at T = 0, indicating
the topological phase transitions, which are gradually smeared
out as temperature increases. In the case where we only
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FIG. 2. Fidelity for the thermal state ρ, (a) when probing the parameter of Hamiltonian δt2 = 0.01, (b) when probing the temperature
δT = 0.01, and (c) the quantity � when probing the Hamiltonian parameter δt2 = 0.01, for the 2D topological insulator.

change the temperature (δt2 = 0, δT = 0.01) � is, again, zero
everywhere, due to the fact the change of temperature only
affects the spectrum of the Hamiltonian (we also omitted the
respective plot).

Regarding the relation between the two quantities ana-
lyzed, note that the quantity � is manifestly trivial for the
case of mutually commuting Hamiltonians. Thus, knowing the
Hamiltonians do commute, � = 0 brings no new information
about the system’s behavior. Since in our case Hamiltonians
do not depend on the temperature, the behavior of � when
only the temperature is varied tells us nothing about the
existence of temperature-driven transitions, which are, at least
in principle, possible even in those cases. Nevertheless, the
fidelity, which is sensitive to both the change of Hamilto-
nian’s eigenvectors, as well as its eigenvalues, can signal the
existence of thermally driven phase transitions. Thus, one
should consider the results of the fidelity as more general than
those of the quantity �. Nevertheless, the possible nontrivial
behavior of � gives additional and more refined information
than the fidelity can provide.

IV. ABSENCE OF FINITE-TEMPERATURE PHASE
TRANSITIONS: FIDELITY SUSCEPTIBILITY

In this section, we perform both analytical and numerical
analysis of the fidelity susceptibility in the thermodynamic
limit, providing an explicit quantitative criterion for the exis-
tence of phase transitions—if it diverges, there exists a phase
transition, otherwise there is no phase transition. At the end,
we also compute the respective critical exponents.

To fix notation, the Hamiltonian for the class of two-
band systems considered can be written in terms of a vector
dμ(k; M ), where M is some parameter (e.g., a hopping am-
plitude) which drives the topological phase transition. More
explicitly, for the topological superconductor, the many-body
Hamiltonian is given by

H = 1

2

∫
BZ

d2k

(2π )2
ψ̃

†
kd

μ(k; M )σμψ̃k, (16)

where ψ̃
†
k = (c†k c−k ), σμ are the usual Pauli matrices and the

Einstein summation convention is assumed. For the topologi-

cal insulator, we have

H = 1

2

∫
BZ

d2k

(2π )2
ψ̃

†
k

(
dμ(k; M )σμ 0

0 −[dμ(−k; M )σμ]T

)
ψ̃k

=
∫

BZ

d2k

(2π )2
ψ

†
kd

μ(k; M )σμψk, (17)

where ψ
†
k ≡ (c†1,k c

†
2,k ) is the Fourier transform of ψ

†
i,j =

(c†1,i,j c
†
2,i,j ).

The absence of finite temperature phase transitions in the
systems considered can be justified through a careful analysis
of the fidelity susceptibility χMM . In doing so there are two
limits to be considered: the thermodynamic limit, in which
one considers the system on a finite lattice with periodic
boundary conditions and then takes the number of its points
to infinity, and the zero-temperature limit. The order in which
one takes these two limits is important and, in fact, it produces
different results. The fidelity susceptibility is defined through
the formula

1

2
χMMδM2 = − ln[F (ρ(M ), ρ(M + δM ))]

N2
, (18)

where the fidelity is taken with respect to infinitesimally close
thermal states, of a fixed temperature, ρ(M ) and ρ(M + δM ),
with respect to a variation of the parameter M , namely M →
M + δM , and N2 is the number of lattice sites (N sites on
each of the two directions in real space). It is the pullback
by ρ : M �→ ρ(M ) of the Bures metric (appropriately nor-
malized to take the thermodynamic limit). Taking the zero-
temperature limit and then the thermodynamic limit yields
the following expression for the fidelity susceptibility of the
topological insulator:

χMM =
∫

BZ

d2k

(2π )2

1

4
δμν

∂nμ

∂M

∂nν

∂M
, (19)

where nμ = dμ/|d| is the normalized Bloch vector.
The previous formula manifests the pure state character
of the zero-temperature limit of the thermal state. Indeed, it
is the integral over the first Brillouin zone of the pullback
of the Fubini-Study metric on the Bloch sphere by family
of maps M �→ nμ(M ) = dμ(M )/|d(M )| parametrized
by the quasimomentum k ∈ BZ. The above integral
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FIG. 3. The thermodynamic limit of the fidelity susceptibility at zero temperature for the 2D topological insulator model. The singularities
appear precisely at the critical points of quantum phase transition where the gap closes.

can be numerically evaluated, and the results for the
case of topological insulator, given by the Hamiltonian
(14), are presented in Fig. 3. The fidelity susceptibility
diverges precisely at the gapless points that define quantum
criticality, and are given by M ≡ t2 = 0,±2. By taking finite
temperature expression for the fidelity susceptibility, and
performing the thermodynamic limit, we obtain

χMM =
∫

BZ

d2k

(2π )2

{
1

4

[
cosh[βE(k)] − 1

cosh[βE(k)]
δμν

∂nμ

∂M

∂nν

∂M

+ β2

cosh[βE(k)] + 1

(∂E(k)

∂M

)2
]}

, (20)

where E(k) = |d(k)| and β = 1/T is the inverse of the tem-
perature (see Appendix C for the derivation). One is then in-
terested in taking the limit T → 0 of the previous expression.
A naive approach would give the same as Eq. (19). However,
if one takes into consideration the existence of the gapless
points, the result is different. While the expression of Eq. (19)
yields singularities at the critical points, the later Eq. (20)
is perfectly regular. The reason is the second term coming
from the variation of the energy which cures the divergence.
When starting with the Boltzmann-Gibbs states, taking the
thermodynamic limit and then taking the zero-temperature
limit of the fidelity susceptibility, the second term appears and
is relevant, especially in the neighbourhood of gap closing
points. This term is precisely the difference between taking
the zero-temperature limit and then the thermodynamic limit,
and vice versa. For generic nonzero values of E(k), the limit
β → +∞ of the integrand function yields

1

4
δμν

∂nμ

∂M

∂nν

∂M
, (21)

as expected. However, near the gap closing points this is not
true. In this case, we take β finite and start by expanding
in E(k),

1

8
[βE(k)]2δμν

∂nμ

∂M

∂nν

∂M
+ 1

8
β2

(∂E(k)

∂M

)2
+ O{[βE(k)]4}

= 1

8
β2δμν

∂ (Enμ)

∂M

∂ (Enν )

∂M
+ O{[βE(k)]4}

= 1

8
β2δμν

∂dμ

∂M

∂dν

∂M
+ O{[βE(k)]4}.

The last expression is too coarse to take the zero-temperature
limit. Notice that we lost the denominators in this approxima-
tion. The denominators in both terms are roughly the same,
both in the β → +∞, while keeping E(k) finite, but nonzero
and E(k) → 0, while keeping β finite. We have the inequality

1

2 cosh(x)
<

1

cosh(x) + 1
<

1

cosh(x)
, for all x ∈ R. (22)

Therefore, we can safely upper bound the integrand by

1

4

β2

cosh [βE(k)]
δμν

∂dμ

∂M

∂dν

∂M
+ O{[βE(k)]4} (23)

in a neighborhood of the gap closing points. Notice that the
integrand will be positive, or zero, since it is a pullback of
a Riemannian metric. However, if we now take the zero-
temperature limit, this upper bound vanishes. Since the singu-
larities at zero temperature were coming from the gap closing
points, this shows why there are no finite temperature phase
transitions in the models discussed.

The above analysis of the fidelity susceptibility was per-
formed for the case of the topological insulator. The case
of the topological superconductor is identical, apart from a
constant factor of 1/2; see Appendix A for details.
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FIG. 4. −lnF/N 2 for different system size against parameter that control quantum phase transition. Panels (a)–(c) are for 2D topological
superconductor, while panels (d)–(f) are for 2D topological insulator.

The analytical study is further confirmed by the numerical
evaluation of −lnF/N2 for both the topological superconduc-
tor and insulator, presented in Fig. 4.

The absence of finite temperature phase transitions means
that at temperatures different from zero, the fidelity suscepti-
bility χ does not signal phase transitions, as it does for tem-
perature zero. By changing the parameters of the Hamiltonian
at T = 0, we are able to close the energy gap and have a
phase transition from a topological to a trivial phase and/or
vice versa, which is detected by the fidelity susceptibility, due
to the enhanced distinguishability of the states close to the
point of the phase transition. For finite temperatures (T >

0), however, we do not observe any changes of χ , which
implies the nonexistence of phase transitions, driven neither
by the parameters of the Hamiltonian nor by the temperature.
In this context, one can talk about a crossover from the
zero-temperature topological phase to the infinite-temperature
nontopological phase, since on one hand, already at T = 0,

we have topological and trivial phases, and on the other hand,
the fidelity susceptibility detects the phase transitions between
them, which do not exist for T > 0.

Finally, one can perform the asymptotic analysis of the
fidelity susceptibility in the vicinity of the critical points to
obtain the critical exponents. For the topological supercon-
ductor, we performed a least-squares fit to the susceptibility to
a power law χ ∝ M−b in a neighborhood of M ≡ μ = 0 and
found b = 0.22 ± 0.0036. Furthermore, we also performed
a least-squares fit to the susceptibility to a power law χ ∝
(M − 2)−b in a neighborhood of M ≡ μ = 2 and found b =
0.26 ± 0.0079; see Fig. 5 for both cases. Analogously, for the
topological insulator, we performed a least-squares fit to the
susceptibility to a power law χ ∝ M−b in a neighborhood of
M ≡ t2 = 0 and found b = 0.33 ± 0.012. Additionally, we
also performed a least-squares fit to the susceptibility to a
power law χ ∝ (M − 2)−b in a neighborhood of M ≡ t2 = 2
and found b = 0.33 ± 0.012; see Fig. 6 for both cases.

FIG. 5. The fidelity susceptibility χMM for the topological superconductor, as a function of (M − Mc ). The points are the result of
numerical integration. The red curve is the result of the fit. (a) The fidelity susceptibility χMM as a function of M in a neighborhood of
M ≡ μ = 0. (b) The fidelity susceptibility χMM as a function of (M − 2) in a neighborhood of M ≡ μ = 2.
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FIG. 6. The fidelity susceptibility χMM for the topological insulator, as a function of (M − Mc ). The points are the result of numerical
integration. The red curve is the result of the fit. (a) The fidelity susceptibility χMM as a function of M in a neighborhood of M ≡ t2 = 0. (b)
The fidelity susceptibility χMM as a function of (M − 2) in a neighborhood of M ≡ t2 = 2.

V. SPECTRUM AND EDGE STATES FOR THE
TOPOLOGICAL INSULATOR

The previous analysis from Secs. III and IV shows the
absence of finite temperature topological phase transitions. In
this section, we further analyze these results by studying the
edge states, thus complementing our study.

Topological orders are characterized by Chern numbers,
or similar global topological invariants that are associated
with the homotopy class of the ground-state manifold of the
Hamiltonian (having discrete values). Thus, they are inher-
ently connected with the zero-temperature behavior of the
system. To study the finite temperature behavior of the system,
one has to search for other quantities and properties whose
behavior at zero temperature coincide with that of the known
topological invariants, and can be naturally generalized to
finite temperatures. A feature associated with the topological
order that can be studied at finite temperature are the edge
states, whose behavior is described by their spatial occupation
number.

Consider the Hamiltonian given by Eq. (14), defined on a
2D lattice, describing a topological insulator. We consider the
x direction to be finite, with N sites, and with open boundary
conditions. For the y direction we take periodic boundary
conditions, thus allowing for a partial Fourier transformation
along this direction. Topologically, the system is a cylinder;
see Fig. 7.

FIG. 7. To study the edge states, we consider the system on a
cylinder topology. The quasimomentum winds around the periodic
direction and the dots denote lattice sites.

The 2D lattice Hamiltonian then reduces to a family of
1D Hamiltonians parametrized by the quasimomentum ky .
More concretely, we take the Hamiltonian in Eq. (14) and
we perform the Fourier transform in the j index, i.e., along
the y axis. The fermion creation and annihilation operators in
real space, described by the lattice coordinates (i, j ), are then
expanded in partial Fourier series,

c
†

i,j = 1√
Ny

∑
ky

exp(+ikyj )c†i (ky ),

ci,j = 1√
Ny

∑
ky

exp(−ikyj )ci (ky ),

where ky is the quasimomentum along the y direction. The
Hamiltonian can then be written in terms of the partial Fourier
modes (see Appendix B),

H =
∑
ky

H(ky ) =
∑
ky

∑
i,j

c
†
i (ky )Hi,j (ky )cj (ky ), (24)

with Hi,j (ky ) as given in Eq. (B8). For each ky , the N × N

matrix H (ky ) = [Hi,j (ky )] describes a 1D system. Now the
energy eigenstates are classified into bulk states and edge
states. The bulk states are delocalized, while the edge states
are exponentially localized along the x direction, either on the
left (i = 1) or on the right (i = N ). If the bulk of the system is
in a topologically nontrivial phase and we find energy eigen-
states within the gap, by the bulk-to-boundary correspondence
principle, they should be edge states canceling the anomaly
coming from the bulk. Therefore, when plotting E(ky ) for t2
in a topologically nontrivial phase, we find zero-energy edge
states (see Fig. 8 for N = 20). The effects of temperature
on these states can be studied by considering the thermal
states ρ = exp[−β(H − μn)]/Z, where β is the inverse of
the temperature, n is the total number operator, and μ is
the chemical potential. In the topologically trivial case the
spectrum of the system decomposes into two sets of bands
separated by a gap. In the zero-temperature limit and zero
chemical potential, the lower bands, i.e., the bands below the
Fermi level, are occupied and ρ becomes a projector onto this
state.

In contrast, the spectrum of the topologically nontrivial
system is composed of the previous two sets of bands and
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FIG. 8. Spectrum of the 2D TI, for t2 = 1.5 in the cylinder
topology. The size of the lattice in the x direction is 20 sites.

additional midgap states which are localized at the bound-
ary of the system (cf. Fig. 8). By adding a small nega-
tive chemical potential μ (smaller than the gap), since the
edge states are localized and are midgap states, the expec-
tation value of the particle number 〈ni (ky )〉 on the zero-
temperature limit of the density matrix will vary drastically
at ky near the critical momentum where the gap closes and i is
at the edge, i.e., i = 1 and i = N . As the temperature raises,
the particle numbers will saturate, since the density matrix
tends to the totally mixed state. Indeed, this is what we can
observe for the 2D TI in Fig. 9. A big variation in particle
number occurs at the edges and in the vicinity of the critical
momentum ky = π/2, signaling the existence of the edge
states.

Furthermore, our edge states analysis manifests the bulk-
to-boundary principle. For the Chern insulator considered, the
bulk-to-boundary principle states that the difference between
the number of right and left chiral edge states in the phase
boundary is equal to the difference in the Chern numbers
between the phases. This results in having one right mover
on the left boundary and one left mover on the right bound-
ary, since we have �Ch = ∓1. This can be clearly seen
from Fig. 9.

To find the bulk spectrum we used Eq. (15). We can also
write Eq. (15) as H (kx, ky ) = dμ(kx, ky )σμ, where (dμ) =

(dx, dy, dz) = (2t1 cos(kx ), 2t1 cos(ky ), 2t2 cos(kx + ky )
+ 2t3[sin(kx ) + sin(ky )]) and (σμ) = (σx, σy, σz). The bulk
spectrum consists of two bands given by E(kx, ky ) = ±|d|.
For fixed t1 = t3 = 1, the spectrum is plotted for various
values of t2, as shown in Fig. 10. We can see that the energy
gap closes at the values t2 = −2, 0, +2. This can be
evaluated by noticing that the closing of the gap is equivalent
to �d = 0. To have this, we need dx = 0 and dy = 0, which
implies cos(kx ) = cos(ky ) = 0. By inspection of dz, we find
the following four different points in the Brillouin zone where
gap closes. For t2 = −2, the gap closes at kx = ky = −π

2 ,
whereas for t2 = 0, the gap closes at two different points
kx = π

2 , ky = −π
2 and kx = −π

2 , ky = π
2 and for t2 = 2

the gap closes at kx = ky = π
2 as shown in Fig. 10. For

t2 �= −2, 0, +2 the system is gapped.

VI. CONCLUSIONS AND FUTURE WORK

We applied the fidelity and the Uhlmann connection anal-
ysis of phase transitions [18] to 2D free-fermion topolog-
ical superconductors and insulators. First, we showed that
the fidelity and the quantity � associated to the Uhlmann
factor are detecting zero-temperature topological quantum
phase transitions, as they assume nontrivial values around the
gap-closing points. At finite temperatures, we probed both
quantities with respect to small variations of the parameter of
the Hamiltonian and the temperature. This twofold analysis
confirmed the fact that the two quantities behave in a different
way, with respect to changes of the spectrum and the eigenba-
sis. Specifically, when we kept the temperature constant, and
varied the parameter of the Hamiltonian, which affects both
the spectrum and the eigenbasis of the state, the fidelity and �

were signaling the zero-temperature topological phase tran-
sitions. On the other hand, when we varied the temperature
alone, which only affects the spectrum, the fidelity was still
detecting the zero-temperature topological phase transitions,
while � stayed trivial, since it is only sensitive to changes of
the eigenbasis of the state.

Furthermore, we observed that as we increase the tempera-
ture, the nontriviality of fidelity and � around the gap-closing
points at zero temperature is gradually smeared out and both
quantities become trivial, in the infinite temperature limit.
This indicates that there are no finite temperature phase transi-

FIG. 9. Expectation value of the occupation number at the bulk and boundary as a function of the quasimomentum ky for the 2D
topological insulator. The results are obtained for a chain of 20 sites, t2 = 1.5, a topologically nontrivial phase, μ = 0.01 and temperatures
T = 1/100, 1/10, 1/5, 1/3, 1, 2. (a) Occupation number at the left edge. (b) Occupation number in the bulk. (c) Occupation number at the
right edge.
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FIG. 10. The bulk dispersion relation at different values of t2 for the 2D topological insulator. In (a), (c), and (e), we show the cases of the
system with a bulk gap (insulating phase), while in (b), (d), and (f) the system has no bulk gap.

tions and the topological features of the systems at T = 0 are
gradually washed away. Furthermore, we analyzed the non-
commutativity of the thermodynamic and zero-temperature
limits of the fidelity susceptibility and gave an analytical proof
of the absence of finite temperature phase transitions in the
class of models considered. This proof also complements the
results presented in our previous work of Ref. [18]. Moreover,
we analyzed the critical behavior at zero temperature by
looking at the critical exponents of the fidelity susceptibility
in the vicinity of the critical points.

We also performed a detailed study of the edge states of
the systems at finite temperature. Our results show that as
the temperature is increased, the T = 0 prominent edge states
start mixing with the bulk states, confirming the conclusion of
the fidelity and � analysis, i.e., the gradual smearing of the
topological features at finite temperatures (see also a related
recent study [37]).

Finally, we would like to point out some directions of
future work. First, one may consider the case of Hamiltonians
with interactions, or systems of bosons. A slightly different
direction would be to use the same approach in the case
of open systems, in which also the system-bath interaction
should be taken into account. Moreover, the chiral p-wave
superconductor that we considered in our analysis is shown
to host vortices that obey non-Abelian statistics, which are
the main constituent of proposals for fault-tolerant quantum
computation [38,39] and the design of stable quantum mem-
ories [40], due to their robustness against perturbations of the
Hamiltonian. While the robustness of these modes has already
been considered in the literature, it would be relevant to

perform a more detailed quantitative analysis of their behavior
with respect to temperature, using our approach for the study
of the edge states. Additionally, in this case the zero energy
Majorana bound states appearing due to the vortices should
be relevant in the behavior of the Uhlmann factor and deserve
a separate and thorough study.
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APPENDIX A: ANALYTIC EXPRESSION FOR FIDELITY

The fidelity between two thermal states of quasifree
fermions,

ρ = exp
(− 1

2βψ̃†HBdGψ̃
)
/Z, (A1)
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where ψ̃ = (ψ1, . . . , ψN,ψ
†
1 , . . . , ψ

†
N )T , N is the total num-

ber of degrees of freedom on the system, and HBdG has the
BdG form, is given by

F (ρ, ρ ′) = Tr
(√√

ρρ ′√ρ
)

=
√

det(I + eCBdG/2)

det1/2(I + e−βHBdG )det1/2(I + e−βH ′
BdG )

, (A2)

where CBdG is defined by

e−βHBdG/2e−βH ′
BdGe−βHBdG/2 = eCBdG . (A3)

The derivation of this result proceeds as follows. By writing
Majorana operators

γ2i−1 = ψi + ψ
†
i , γ2i = (1/i)(ψi − ψ

†
i ), i = 1, . . . , N,

which satisfy the Clifford algebra relations

{γi, γj } = 2δij , for i, j = 1, . . . , N,

one can show that

H = i

4
γAγ T ,

where γ = (γ1, . . . , γ2N ), iA = RHBdGR−1 for an invertible
matrix R, and A ∈ so(2N ), i.e., A is real and skew symmetric.
The matrix A can be skew diagonalized,

A = S

[
⊕N

i=1

(
0 εi

−εi 0

)]
S−1,

with εi ∈ R, i = 1, . . . , N , and S ∈ SO(2N ). The rotated
γ ′ = γ S satisfy the same Clifford algebra relations, and one
can define new canonical fermion operators,

γ ′
2i−1 = ψ ′

i + ψ
′†
i , γ ′

2i = (1/i)(ψ ′
i − ψ

′†
i ), i = 1, . . . , N,

so that

H = i

4

N∑
i=1

εi (γ
′
2i−1γ

′
2i − γ ′

2iγ
′
2i−1)

= i

2

N∑
i=1

εiγ
′
2i−1γ

′
2i

= 1

2

N∑
i=1

εi (ψ
′†
i ψ ′

i − ψ ′
iψ

′†
i )

=
N∑

i=1

εiψ
′†
i ψ ′

i − 1

2

N∑
i=1

εi .

It is now clear that

Tr(e−βH) =
N∏

i=1

(e−βεi/2 + eβεi/2).

Since iA and H are related by conjugation by R, their
eigenvalues are the same, i.e., {±εi}Ni=1. Therefore,

det(e−βHBdG/2 + eβHBdG/2) =
(

N∏
i=1

(e−βεi/2 + eβεi/2)

)2

,

and we then have

Tr(e−βH) = Tr(e−(β/2)ψ̃†HBdGψ̃ )

= det1/2(e−βHBdG/2 + eβHBdG/2).

We need an additional ingredient. Consider A a matrix of the
BdG type. Then, one can show, by using the commutation
relations and PAP = −AT , with P the particle-hole conjuga-
tion matrix, so ψ̃†P = ψ̃T , that the following relations hold:

e(1/2)ψ̃†Aψ̃ ψ̃†e−(1/2)ψ̃†Aψ̃ = ψ̃†eA,

e(1/2)ψ̃†Aψ̃ ψ̃e−(1/2)ψ̃†Aψ̃ = e−Aψ̃.

As a consequence, if A and B are of the BdG type,

e(1/2)ψ̃†Aψ̃e(1/2)ψ̃†Bψ̃ ψ̃†e−(1/2)ψ̃†Bψ̃e−(1/2)ψ̃†Aψ̃ = ψ̃†eAeB,

and similarly for ψ̃ . Since we are working over the field of
complex numbers, we can find a CBdG such that

e−β(HBdG/2)e−βH ′
BdGe−β(HBdG/2) = eCBdG .

Moreover, this CBdG can be chosen to satisfy PCT
BdGP =

−CBdG. This can be seen from

P (eAeB )T P = ePBT P ePAT P = (eAeB )−1 = ePCT P .

It then follows that

e(1/2)ψ̃†Aψ̃e(1/2)ψ̃†Bψ̃ = e(1/2)ψ̃†Cψ̃ ,

since the action of e(1/2)ψ̃†Aψ̃e(1/2)ψ̃†Bψ̃ is completely
determined by its action on ψ̃†.

Now, we can compute the fidelity. It reads

F (ρ, ρ ′) = Tr(
√√

ρρ ′√ρ)

= Tr

⎛⎝√
e−(β/2)ψ̃†(HBdG/2)ψ̃ e−(β/2)ψ̃†H ′

BdGψ̃ e−(β/2)ψ̃†(HBdG/2)ψ̃

ZZ′

⎞⎠.
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We have, because of the previous results,

F (ρ, ρ ′) = Tr

⎛⎝√
e−(1/2)ψ̃†CBdGψ̃

ZZ′

⎞⎠
= Tr

(
e−(1/2)ψ̃†(CBdG/2)ψ̃

√
ZZ′

)

= det1/2(eCBdG/4 + e−CBdG/4)

det1/4(eβHBdG/2 + e−βHBdG/2)det1/4(eβH ′
BdG/2 + e−βH ′

BdG/2)
. (A4)

One can then write

F (ρ, ρ ′) = det1/2(e−CBdG/4)det1/2(I + eCBdG/2)

det1/4(eβHBdG/2eβH ′
BdG/2)det1/4(I + e−βHBdG )det1/4(I + e−βH ′

BdG )
.

But,

det1/2(e−CBdG/4) = det1/8(e−CBdG ) and

det1/2(eβHBdG/2eβH ′
BdG/2) = det1/4(eβHBdG/4eβH ′

BdG/2eβHBdG/4) = det1/4(e−CBdG/2) = det1/8(e−CBdG ).

Therefore,

F (ρ, ρ ′) =
√

det(I + eCBdG/2)

det1/2(I + e−βHBdG )det1/2(I + e−βH ′
BdG )

.

In the main text, we consider the fidelity for topological insulators and superconductors in translation invariant systems. Let us
denote the fields ψ̃i (x), where i labels internal degrees of freedom and x the position. Since we have translation invariance, we
can go into momentum space,

ψ̃i (x) = 1√
V

∑
k

ψ̃i (k)eik·x,

where V denotes the number of lattice sites. However, since ψ̃i (x) = (ψi (x), ψ†
i (x))T , where the second component is the

adjoint of the first, it follows that ψ̃i (k) = (ψi (k), ψ†
i (−k))T . Moreover, it is easy to see that the Fourier components of HBdG =

[HBdG(x, x′)] are of the form

HBdG(k) =
(

H (k) �(k)
�†(k) −HT (−k)

)
,

where H (k) and �(k) are the Fourier components of H and �, respectively. It is now clear that in this setting

F (ρ, ρ ′) =
∏

k

√
det(I + eCBdG(k)/2)

det1/2(I + e−βHBdG(k) )det1/2(I + e−βH ′
BdG(k) )

,

where CBdG(k) are the Fourier components of CBdG (which is translation invariant). Moreover, in the charge conserving case,
for the topological insulator � ≡ 0 and

HBdG(k) =
(

H (k) 0
0 −HT (−k)

)
.

The same form is valid for CBdG(k), since the exponential of a block diagonal matrix is also block diagonal.
In this case, going back to Eq. (A4), we have

F (ρ, ρ ′) =
∏

k

det1/2(eCBdG(k)/4 + e−CBdG(k)/4)

det1/4(eβHBdG(k)/2 + e−βHBdG(k)/2)det1/4(eβH ′
BdG(k)/2 + e−βH ′

BdG(k)/2)
.

Notice that ∏
k

det1/4(eβHBdG(k)/2 + e−βHBdG(k)/2) =
∏

k

det1/4(eβH (k)/2 + e−βH (k)/2)det1/4(e−βHT (−k)/2 + eβHT (−k)/2)
=

∏
k

det1/2(eβH (k)/2 + e−βH (k)/2),
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where we used invariance of the determinant by transposition. The same type of formulas hold for H ′
BdG and CBdG. Finally, we

get the result

F (ρ, ρ ′) =
∏

k

det(I + eC(k)/2)

det1/2(I + e−βH (k) )det1/2(I + e−βH ′(k) )
.

In terms of the vector dμ(k; M ), appearing in the topological insulator and in the topological superconductor models in the main
text, we can write the fidelity as follows. Write a matrix C(k) satisfying

e−(β/2)dμ(k;M )σμe−βdμ(k;M ′ )σμe−(β/2)dμ(k;M )σμ = eC(k).

The explicit form of C(k) is given in the Supplemental Material of [18]. Then, for the topological insulator,

F (ρ, ρ ′) =
∏

k

det(I + eC(k)/2)

det1/2
(
I + e−βdμ(k;M )σμ

)
det1/2

(
I + e−βdμ(k;M ′ )σμ

) .

For the topological superconductor, since H = (1/2)
∑

k ψ̃†(k)dμ(k; M )σμψ̃ (k), we have

F (ρ, ρ ′) =
∏

k

√
det(I + eC(k)/2)

det1/2
(
I + e−βdμ(k;M )σμ

)
det1/2

(
I + e−βdμ(k;M ′ )σμ

) .

In other words, the two mathematical expressions differ by a square root. The reason for this lies in the fact that, while in the
case of the topological superconductor, the Pauli matrices are acting on the particle-hole degrees of freedom, in the topological
insulator case, the Pauli matrices act on the additional pseudospin degree of freedom.

APPENDIX B: HAMILTONIAN TRANSFORMATIONS

Let A = t1σx + it3σz, B = t1σy + it3σz and C = t2σz.
Then, ∑

j

c
†
i+1,jAci,j =

∑
ky

c
†
i+1,ky

Aci,ky
, (B1)∑

j

c
†
i,j+1Bci,j =

∑
ky

exp(iky )c†i,ky
Bci,ky

, (B2)∑
j

c
†
i+1,j+1Cci,j =

∑
ky

exp(iky )c†i+1,ky
Cci,ky

. (B3)

By taking the Hermitian conjugate of the above three equa-
tions, we get∑

j

c
†
i,jA

†ci+1,j =
∑
ky

c
†
i,ky

A†ci+1,ky
, (B4)∑

j

c
†
i,jB

†ci,j+1 =
∑
ky

exp(−iky )c†i,ky
B†ci,ky

, (B5)∑
j

c
†
i,jC

†ci+1,j+1 =
∑
ky

exp(−iky )c†i,ky
C†ci+1,ky

. (B6)

Summing Eqs. (B1) and (B3), we get∑
ky

c
†
i+1,ky

Aci,ky
+

∑
ky

exp(iky )c†i+1,ky
Cci,ky

=
∑
ky

c
†
i+1,ky

[t1σx + it3σz + t2 exp(iky )σz]ci,ky
.

Accordingly, from Eqs. (B2) and (B5)∑
ky

exp(iky )c†i,ky
Bci,ky

+
∑
ky

exp(−iky )c†i,ky
B†ci,ky

=
∑
ky

c
†
i,ky

[2 cos(ky )t1σy − 2 sin(ky )t3σz]ci,ky
,

and finally from Eqs. (B4) and (B6)∑
ky

c
†
i,ky

A†ci+1,ky
+

∑
ky

exp(−iky )c†i,ky
C†ci+1,ky

=
∑
ky

c
†
i,ky

[t1σx − it3σz + t2 exp(−iky )σz]ci+1,ky
.

Thus the total Hamiltonian of the topological insulator with
transitional invariance in the y axis becomes

H =
∑
ky

∑
i

{
c
†
i+1,ky

[t1σx + it3σz + t2 exp(iky )σz]ci,ky

+ c
†
i,ky

[2 cos(ky )t1σy − 2 sin(ky )t3σz]ci,ky

+ c
†
i,ky

[t1σx − it3σz + t2 exp(−iky )σz]ci+1,ky

}
,

and for H (ky ) we have

H (ky )=
∑
i,j

{
c
†
i,ky

[t1σx +it3σz+t2 exp(iky )σz]δi,j+1cj,ky

+ c
†
i,ky

[2 cos(ky )t1σy −2 sin(ky )t3σz]δi,j cj,ky

+ c
†
i,ky

[t1σx −it3σz+t2 exp(−iky )σz]δi+1,j cj,ky

}
,

with the (i, j ) matrix elements of H (ky ) being

Hi,j (ky ) = [t1σx + it3σz + t2 exp(iky )σz]δi,j+1

+ [2 cos(ky )t1σy − 2 sin(ky )t3σz]δi,j

+ [t1σx − it3σz + t2 exp(−iky )σz]δi+1,j . (B7)

Simplifying Eq. (B7), we obtain

Hi,j (ky ) = t1(δi,j+1 + δi+1,j )σx + 2t1 cos(ky )δi,j σy

+ {i[t3 + t2 sin(ky )](δi,j+1 − δi+1,j )

− 2t3 sin(ky )δi,j + t2 cos(ky )(δi,j+1 + δi+1,j )}σz,

(B8)
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AMIN, MERA, VLACHOU, PAUNKOVIĆ, AND VIEIRA PHYSICAL REVIEW B 98, 245141 (2018)

or

Hi,j (ky ) = aσx + bσy + cσz, (B9)

with a = t1(δi,j+1 + δi+1,j ), b = 2t1 cos(ky )δi,j , and c = i

[t3 + t2 sin(ky )](δi,j+1 − δi+1,j )−2t3 sin(ky )δi,j+t2 cos(ky )
(δi,j+1+δi+1,j ).

If we also consider periodic boundary conditions along
the x axis, we will have translational invariance, and after
applying the full Fourier transform, we get the following bulk
Hamiltonian for the topological insulator in two dimensions:

H (k) = 2t1 cos(kx )σx + 2t1 cos(ky )σy + {2t2 cos(kx + ky )

+ 2t3[sin(kx ) + sin(ky )]}σz.

APPENDIX C: DERIVATION OF THE BURES METRIC

Consider a generic charge symmetric fermionic Gaussian
state

ρ = exp(X), with X = −ψ†Hψ − lnZ, lnZ = Tre−ψ†Hψ,

and H ∈ Herm(CN ).

Here ψ and ψ† are the usual arrays of fermion destruction
and creation operators. We are interested in evaluating the
pullback of the Bures metric by the map ρ : Herm(CN ) �
H �→ eX. Now, the Bures metric is given by

ds2 = Tr{ρG2},

with

dρ = Gρ + ρG.

The last equation is equivalent to (for invertible states, which
is the case at hand)

ρ−1dρ = ρ−1Gρ + G = (1 + e−adX )(G),

where adX(·) := [X, ·]. Now,

dρ = deX = eX(e−XdeX ) = eX

∫ 1

0
ds e−sXdXesX,

since
∂

∂s
[e−sXd(esX )] = e−sXdXesX.

Therefore,

dρ = eX

∫ 1

0
ds e−s adX (dX)

= −eX(adX )−1(e−adX − 1)(dX),

and

ρ−1dρ = (adX )−1(1 − e−adX )(dX).

Thus,

(1 + e−adX )(G) = (adX )−1(1 − e−adX )(dX)

Formally,

G = 1

2

tanh
(adX

2

)
adX

2

(dX).

Notice that

dX = −ψ†dHψ − dZ

Z
.

Using the fact that any Hermitian matrix can be diagonalized
by a unitary matrix, we can write

H = SDS−1, with S ∈ U(N ) and D = diag(λ1, . . . , λN ).

then,

dH = S([S−1dS,D] + dD)S−1.

Then,

ψ†S = ψ̃† and S−1ψ = ψ̃,

satisfy the usual canonical anticommutation relations. More-
over,

adX(ψ̃†
i ) = −λiψ̃

†
i , i = 1, . . . , N,

adX(ψ̃i ) = λiψ̃i, i = 1, . . . , N.

We can then write

dX = −ψ̃†([S−1dS,D] + dD)ψ̃ − dZ

Z
.

and

G = 1

2

tanh
(adX

2

)
adX

2

(dX)

= −1

2

N∑
i,j=1

ψ̃
†
i

(
− (S−1dS)ij

tanh
( λi−λj

2

)
λi−λj

2

(λi − λj ) + dλiδij

)
ψ̃j − 1

2

dZ

Z

=
N∑

i,j=1

ψ̃
†
i

[
(S−1dS)ij tanh

(
λi − λj

2

)
− dλi

2
δij

]
ψ̃j − 1

2

dZ

Z
,

so, clearly, G is of the form

G = ψ†Kψ + C,
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for a Hermitian matrix valued one-form K = SBS−1 and one-form C,

Bij = (S−1dS)ij tanh

(
λi − λj

2

)
− dλi

2
δij ,

C = −1

2

dZ

Z
.

The one-form S−1dS is the Maurer-Cartan differential form. To evaluate the metric tensor, we just need to compute the trace,

ds2 = Tr(ρG2) = 〈G2〉 = 〈ψ†Kψψ†Kψ〉 + 2〈ψ†Kψ〉C + C2.

To evaluate the last expression, consider the correlation function

gji := 〈ψ†
i ψj 〉.

It is clear that for any single-particle observable A ∈ Herm(Cn), we have

〈ψ†Aψ〉 = Tr(Ag).

Moreover, we will use Wick’s theorem to evaluate expressions of the form

〈ψ†
i ψjψ

†
kψl〉 = gjiglk + gli (δjk − gjk ).

Then, we can write

〈ψ†Kψψ†Kψ〉 = KijKkl〈ψ†
i ψjψ

†
kψl〉 = KijKkl (gjiglk + gli (δjk − gjk )

= [Tr(Kg)]2 + Tr(K2g) − Tr(gKgK ),

and

〈ψ†Kψ〉 = Tr(Kg).

Moreover, since Tr(dρ) = 0, we have

0 = 2Tr(ρG) = 2(〈ψ†Kψ〉 + C),

hence

C = −〈ψ†Kψ〉 = −Tr(Kg) = −1

2

dZ

Z
.

Finally, we can write

ds2 = [Tr(Kg)]2 + Tr(K2g) − Tr(gKgK ) − 2[Tr(Kg)]2 + [Tr(Kg)]2

= Tr(K2g) − Tr(gKgK ).

Also as

ds2 = 〈ψ†Kψψ†Kψ〉 + 2〈ψ†Kψ〉C + C2 = 〈(ψ†Kψ )2〉 − 〈ψ†Kψ〉2.

Next, notice that

〈ψ̃†
j ψ̃i〉 = δij

1

e−λi + 1
≡ δijni = SkjSli〈ψ†

kψl〉 = S−1
il glkSkj ,

and hence,

g = (1 + e−H )−1.

Now, defining Aij = (S−1dS)ij = −Aji and tij = −tj i = tanh [(λi − λj )/2], we have

Tr(K2g) = BijBjlnlδli = niBijBji = ni

[
Aij tij − dλi

2
δij

][
Ajitji − dλj

2
δji

]
= ni

(
|Aij |2t2

ij + 1

4
dλ2

i

)
,

and

Tr
(
gKgK

) = niδijBjknkδklBli = ninjBijBji

= ninj

[
Aij tij − dλi

2
δij

][
Ajitji − dλj

2
δji

]
= ninj

(
|Aij |2t2

ij + 1

4
dλ2

i δij

)
,
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hence,

ds2 =
∑
i �=j

ni (1 − nj )|Aij |2t2
ij + 1

4

N∑
i=1

ni (1 − ni )dλ2
i

=
∑
i �=j

ni (1 − nj )|(S−1dS)ij |2 tanh2

(
λi − λj

2

)
+ 1

4

N∑
i=1

ni (1 − ni )dλ2
i .

The second term is the classical one, i.e., the classical Fisher information associated with the probability distribution,

pI := pi1,··· ,ip = e−(λi1 +···+λip )

Z
, 1 < i1 < · · · < ip < N.

Since

dpI = −[(
dλi1 + · · · + dλip

) + dln(Z)
]
pI ,

we have

1

4

∑
I

dp2
I

pI

= 1

4

∑
I

pI

[(
dλi1 + · · · + dλip

)2 + 2
(
dλi1 + · · · + dλip

)
dln(Z) + dln(Z)2]

= 1

4
[〈ψ̃†dD2ψ̃〉 + 2〈ψ̃†dDψ̃〉dln(Z) + dln(Z)2]

= 1

4
{Tr[g(SdDS−1)2] + 2Tr(gSdDS−1)dln(Z) + dln(Z)2}.

But,

1

2
dln(Z) = Tr(gK ) = niBii = −1

2

N∑
i=1

nidλi = −1

2
Tr(gSdDS−1),

therefore,

1

4

∑
I

dp2
I

pI

= 1

4
{Tr[g(SdDS−1)2] − [Tr(gSdDS−1)]2} = 1

4

N∑
i=1

ni (1 − ni )dλ2
i .

Also notice that this corresponds to evaluating the metric when S−1dS ≡ 0. The nonclassical part is therefore given by∑
i �=j

ni (1 − nj )|(S−1dS)ij |2 tanh2

(
λi − λj

2

)
.

1. Two-level case

We now suppose N = 2 and without loss of generality we can write

H = xμσμ = (Uσ3U
−1)r, with r = √

xμxμ.

The eigenstates of H are coherent states of SU(2), namely if we take nμ = xμ/r and z = (n1 + in2)/(1 + n3) is the
stereographic projection with respect to the south pole of the sphere, we can write

|z〉 = 1

(1 + |z|2)1/2

(
1
z

)
satisfies H |z〉 = r|z〉. We can then write

U = 1

(1 + |z|2)1/2

(
1 −z̄

z 1

)
,

clearly,

(U−1dU )21 = dz

(1 + |z|2)
,
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and

|(U−1dU )21|2 = dzdz̄

(1 + |z|2)2
= 1

4
d�2,

where d�2 = δμνdnμdnν is the round metric on the sphere. Denoting n ≡ n1 = 1/(e−r + 1) we have n2 = 1 − n1, so

ds2 = 1
4 tanh2(r )[n2 + (1 − n)2]d�2 + 1

2n(1 − n)dr2.

Also

n(1 − n) = 1

(e−r + 1)(er + 1)
= 1

2[cosh(r ) + 1]
,

and

n2 + (1 − n)2 = (er + 1)2 + (e−r + 1)2

(er + 1)2(e−r + 1)2
= 1

2

cosh(r )

cosh2
(

r
2

) = cosh(r )

1 + cosh(r )

so
1

4
tanh2(r )[n2 + (1 − n)2]d�2 = 1

4

cosh(r )

1 + cosh(r )
tanh2(r )d�2

= 1

4

sinh2(r )

[1 + cosh(r )] cosh(r )
d�2

= 1

4

cosh(r ) − 1

cosh(r )
d�2.

Therefore,

ds2 = 1

4

(
cosh(r ) − 1

cosh(r )
d�2 + dr2

cosh(r ) + 1

)
.

2. Thermal states

With the replacement xμσμ → βEnμσμ, we get

ds2 = 1

4

(
cosh(βE) − 1

cosh(βE)
d�2 + d(βE)2

cosh(βE) + 1

)
= 1

4

(
cosh(βE) − 1

cosh(βE)
d�2 + β2dE2

cosh(βE) + 1
+ 2

βEdβdE

cosh(βE) + 1
+ E2dβ2

cosh(βE) + 1

)
.

Notice that since ds2 = 〈(ψ†Kψ )2〉 − 〈ψ†Kψ〉2, we have that a variation along β produces

ψ†Kψ = − 1
2dβψ†Hψ,

and hence

〈(ψ†Kψ )2〉 − 〈ψ†Kψ〉2 = 1

4
dβ2[〈(ψ†Hψ )2〉 − 〈ψ†Hψ〉] = 1

4
dβ2 ∂2lnZ

∂β2

= −1

4
dβ2 ∂〈ψ†Hψ〉

∂β
= −dβ2 1

4

∂T

∂β

∂E

∂T

= dβ2 1

4
T 2 ∂E

∂T
= dβ2 T 2

4
c,

where c = ∂E/∂T is the specific heat of the system.
Now if we have a Chern insulator in two dimensions as in the main text, we will have H = ∫

BZ d2k/(2π )2ψ
†
kH (k)ψk with

H (k) = dμ(k)σμ = E(k)nμ(k)σμ depending on some parameters {ti}, and the Bures metric will be

ds2 =
∫

BZ

d2k

(2π )2

[
1

4

(
cosh[βE(k)] − 1

cosh[βE(k)]
δμν

∂nμ(k)

∂ti

∂nμ(k)

∂tj
dtidtj

+ E2(k)dβ2

cosh[βE(k)] + 1
+ 2

βE(k) ∂E(k)
∂ti

dtidβ

cosh[βE(k)] + 1
+

β2 ∂E(k)
∂ti

∂E(k)
∂tj

dtidtj

cosh[βE(k)] + 1

)]
.

We remark that for the case of the topological superconductor considered in the main text the charge is only conserved modulo
2. However, since the expression for the fidelity is, apart from an overall square root, the same, as a function of �d and β, as the
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charge conserving ones (see Appendix A), the resulting susceptibility has the same functional form, apart from an overall factor
of 1/2 (this follows from

√
1 − x ≈ 1 − x/2 for small x). Related to this derivation, we refer the reader to Ref. [27] to a recent

derivation of the symmetric logarithmic derivative of fermionic Gaussian states by Carollo et al.
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